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Abstra
t: The sensory representation of a stimulus may 
hange as the resultof learning pro
esses during a dete
tion experiment. We present the data (i) ofa dete
tion experiment, followed by (ii) an identi�
ation experiment, followedagain by (iii) a dete
tion experiment identi
al to the experiment (i). Thestimulus in the dete
tion experiment was one of the four patterns used in thedete
tion experiment. There is no di�eren
e in the dete
tion thresholds fromthe two dete
tion experiments, suggesting that the identi�
ation experimenthas no in�uen
e on the dete
tion performan
e. The dete
tion data furthersuggest that the pattern is dete
ted by a mat
hed �lter for the stimuluspattern, and that the formation of su
h a �lter is fast 
ompared to the learningpro
esses taking pla
e during the identi�
ation experiment. The identi�
ationdata are analysed - apart from testing some standard models of identi�
ationpro
esses - employing Dual S
aling (Corresponden
e Analysis (CA)). It isshown that under 
ertain 
onditions the s
ale values of the stimuli representthe 
onditional expe
ted values of the random variable representing the aspe
tof the sensory representation of the stimulus patterns with respe
t to whi
hthe stimuli are dis
riminated; CA 
aters, under 
ertain 
onditions, for themultivariate 
ase.
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1 Introdu
tionThere is eviden
e that in dete
tion experiments per
eptual learning takes pla
e evenfor very simple stimuli (e.g. Beard, Levi & Rei
h (1995), Fahle, Edelman and Poggio(1995)), where per
eptual learning 
ould mean the adjustment of some threshold level onthe de
ision axis; or even a 
hange in the sensory representation of the stimulus patternitself. One question of interest with respe
t to learning refers to the time s
ale withrespe
t to whi
h learning takes pla
e.Consider, on the other hand, identi�
ation experiments. Here the subje
t has tode
ide whi
h of a set of m stimulus patterns was presented. Suppose that the stimu-lus pattern employed in the dete
tion experiment is one of the m stimulus patterns ofthe identi�
ation experiment. In the identi�
ation experiment, learning will take pla
eas well, and may mean (i) �nding the optimal de
ision bounds allowing to identify apresented pattern with smallest possible probability of error, and possibly (ii) 
omple-mentary to (i) a �ne tuning of the sensory representation of the patterns. If there issu
h a �ne tuning it may have an e�e
t on the dete
tion performan
e. For instan
e, theneural pro
esses implying the �ne tuning of the sensory representation may imply theformation of mat
hed �lters for the patterns, and su
h �lters would also optimize thedete
tion performan
e; however, as Townsend and Landon (1983) point out, su
h �ltersare optimal only if the dis
riminant fun
tions are linear, whi
h need not be the 
ase in agiven experiment.So our investigation 
onsisted of a series of three experiments: (1) a dete
tion experi-ment, (2) an identi�
ation experiment, and (3) a dete
tion experiment. The stimuli andthe experimental 
onditions where identi
al in experiments (1) and (3), and the purposeof the identi�
ation experiment (2) was to �nd out whether the learning pro
esses that
an be assumed to have taken pla
e during the identi�
ation experiment have an e�e
ton the dete
tion performan
e.The e�e
t of the identi�
ation experiment on the dete
tion performan
e 
an easily bedis
overed by 
omparing the results of the experiments (1) and (3). In order to �nd outwhether learning has taken pla
e in the identi�
ation experiment one may simply testwhether the estimates of the probability of 
orre
t responses in
rease with the numberof an experimental session. But the stru
ture of 
onfusions of stimulus patterns withea
h other may 
hange es well with in
reasing number of experimental session, and inorder to investigate these 
hanges the data have to be summarized in a way that allowsto see what is going on. We therefore de
ided to apply Dual S
aling (DS) (Nishisato(1980)), or, equivalently, Corresponden
e Analysis (CA) (Greena
re (1984)) to the dataof ea
h session. DS provides, for a given 
onfusion matrix, s
ale values (i) for the stim-uli and (ii) for the responses. It will be shown that under 
ertain 
onditions the s
alevalues for the stimuli are proportional to the 
onditional expe
ted values E(x|si) of thestimulus dimension, given that the pattern si was presented. There may exist more than4



one stimulus dimension with respe
t to whi
h the stimuli are evaluated, and CA as amethod equivalent to DS will provide us with the set of latent dimensions ne
essary to�explain� the χ2 of a given 
onfusion matrix; whether ea
h of these dimensions indeedrepresents a stimulus dimension is another question. In any 
ase, stimuli si and responses
rj 
an simultaneously be represented by points in the 
oordinate system de�ned by thelatent dimensions (this is the biplot), and to the extent that learning implies an in
reas-ingly systemati
 
hoi
e of 
orre
t responses the positions of points representing si andthe 
orresponding response ri should be
ome more and more similar; the 
on�gurationof the points should tell us something about the stimulus dimensions underlying theidenti�
ation responses.The DS/CA approa
h to our data is mainly des
riptive, and so it is of interest whethera parti
ular model of the identi�
ation pro
ess 
an be �tted to the data. In the lightof the results of the dete
tion experiment (the data are 
ompatible with the hypothesisthat the pattern is dete
ted by a mat
hed �lter for this pattern) the all-or-none modelof Townsend (1971a, 1971b) is of parti
ular interest sin
e it it 
an be taken as a spe
ialform of a template mat
hing model: if there exists a mat
hed �lter, then identi�
ation
ould be the result of a template mat
hing. On the other hand, subje
ts may try toidentify the patterns by evaluating the representations of stimulus 
omponents that varyindependently of ea
h other from trial to trial, and one may try to �t the independentde
isions model (Ashby and Gott (1988)) to our data. This model is also of parti
ularinterest here: if ea
h pattern is represented by the a
tivity of a pattern-spe
i�
 
hannelone may say that the representation of the pattern is holisti
, and a �t of the independentde
isions model would mean that

• that there is the possibility of a de
omposition of the sensory representation intoindependent 
omponents, or
• the subje
ts 
an adjust the de
ision bounds su
h as to allow for an independentevaluation of the 
omponents; this point will be taken up again in the Dis
ussionse
tion.A third alternative is the famous similarity 
hoi
e model of Lu
e (1963) where it is as-sumed that judgments depend on the stimulus similarities. For instan
e, Nosofsky (1980)and Townsend and Ashby (1982) su
essfully �tted the model to their data. This modelmay be 
onsidered together with Shephards (1957) model, where similiarity is de�ned asbeing inversely related to psy
hologi
al distan
e between stimuli, and distan
e may berelated to the values stimuli have on 
ertain stimulus dimensions (a term introdu
ed byGarner and Morton (1965) for 
ontinuously varying features).There is quite a variety of possible models, see Townsend and Landon (1983) for anoverview. A dis
ussion of all these models would be beyond the s
ope of this paper. Wewill 
on
entrate on an analysis of the data employing 
orresponden
e analysis.5



2 Models of dete
tion and identi�
ation2.1 Models of dete
tionThe main purpose of the dete
tion experiments reported in this paper is to test forpossible learning e�e
ts with respe
t to the dete
tion task. To this end, the data fromtwo experiments with identi
al 
onditions will be 
ompared.The dete
tion experiments were 
on
eived as superposition experiments in the senseof Kulikowski and King-Smith (1973): the stimulus pattern was presented superimposedon a ba
kground pattern. The ba
kground pattern had a 
ontrast being a 
onstantfra
tion q of the 
ontrast m of the stimulus pattern. The stimulus pattern was radiallysymmetri
, and the ba
kground pattern was a (radially symmetri
) Bessel fun
tion J0(ωrof order zero, r =
√

x2 + y2, ω = 2πf , f =
√

u2 + v2, and u and v are spatial frequen-
ies; of 
ourse, f may also be taken as a spatial frequen
y. J0-fun
tions are known tobe eigenfun
tions of radially symmetri
 linear systems (Papoulis (1980)), as sinusoidalfun
tions are eigenfun
tions of 1-dimensional linear systems. The threshold 
ontrast mof the stimulus pattern is determined for various values of the spatial frequen
y param-eter f of the J0-pattern; the resulting threshold 
urves allow to test in parti
ular thehypothesis of dete
tion by a mat
hed �lter for the stimulus pattern.We will not go into the details of testing di�erent models of dete
tion: apart fromthe mat
hed �lter model, models of dete
tion by probability summation (e.g. Graham,Na
hmias & Robson (1972), Graham (1977), Wilson & Bergen (1979)), lo
al energy(Morrone and Owens (1987)) 
ould be tested. However, su
h an undertaking would bebeyond the s
ope of this paper, sin
e our main interest here is whether an identi�
ationtask 
hanges the dete
tion behaviour. However, the threshold 
urves (for details see theMethods se
tion) may be 
ompared with regard to their shape; if learning takes pla
ethat 
hanges the dete
tion me
hanism, these 
urves should di�er.2.2 Models of identi�
ationFurther, suppose there exists some numeri
al representation x = x(ν) for ν; usually, xwill be a ve
tor x = (x1, . . . , xn)′, where xi represents the value of the i-th dimension,
1 ≤ i ≤ n. Let pij = p(rj |si) denote the probability of 
onfusing stimulus sj withstimulus si (the 
onfusion probability). pij has to be spe
i�ed in terms of (i) p(rj |x), i.e.the probability that the response rj is 
hosen given the internal representation x, and
p(x|si), the probability that x was generated by the pattern si. Possibly, bias parameters
bj , 
orresponding to the a priori probability that the pattern sj was presentd, have totaken into a

ount.
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2.2.1 The Similarity Choi
e ModelThis model was introdu
ed by Lu
e (1963). Let ηij be a measure of similarity betweenthe stimuli si and sj . The the probability of 
onfusing the pattern si with sj is assumedto be given by
pij =

ηijbj
∑

k ηikbk
, ηij = ηji (1)The similarities ηij have to be estimated, alongside with the bias parameters bj, as freeparameters, where it has to be assumed that ηij = ηji, - there are not su�
iently manydegrees of freedom to 
ater for the asymmetri
al 
ase ηij 6= ηji.The similarity ηij may be related to psy
hologi
al distan
e dij between the patterns siand sj via the relation ηij = exp(−dij) (Shepard (1957)). If the model 
an be �tted to thedata it is then of interest to interprete the estimates for ηij with respe
t to the values of

dij as 
omputed from estimates of the stimulus dimensions; possibly a parti
ular metri
for the dij 
an be found, whi
h again may tell us something about the way stimulusdimensions are integrated in order to arrive at a de
ision about the presented stimuluspattern.2.2.2 The all-or-none modelTownsend (1971a, 1971b) proposed the all-or-none model of identi�
ation. A

ording tothis model, a stimulus pattern is either identi�ed 
orre
tly, and then the response will be
orre
t, or it is not identi�ed at all, and then the subje
ts simply guesses whi
h stimulushas been presented. The probability of 
onfusing stimulus Si with Sj , i.e. of giving theresponse Rj , is then given by
pij =











ci + (1 − ci)bj , j = i

(1 − ci)bj , j 6= i

(2)The way the individual 
omponents determine the probability ci is not spe
i�ed, butthe assumption that with probability 1 − ci the subje
t has to guess suggests that the
omponents intera
t in some way. A

ording to another interpretation the all-or-nonemodel des
ribes a version of template mat
hing. For instan
e, there may exist a mat
hed�lter for the stimulus pattern, and in an identi�
ation experiment, the subje
t may de
idea

ording to the maximally a
tivated mat
hed �lter. The distribution of the a
tivity forsu
h �lters 
ould be su
h that only the �lter 
orresponding to the presented pattern hasnonzero probability of rea
hing a threshold value; in that 
ase the all-or-non model may�t the data.2.2.3 The independent de
isions modelSuppose that any stimulus pattern is de�ned by a 
ombination of values of 
omponents,and the set of stimulus patterns is given by the set of all possible 
ombinations of values.7



To be spe
i�
, in our 
ase there are two 
omponents (the �outer� and the �inner� dis
),ea
h of whi
h may assume two possible values (radii or diameters). Stimuli are presentedin random order so that the value of a 
omponent varies independently from one trial tothe next. The subje
t may realize this and try to evaluate ea
h 
omponent independentof the other. We will say that the patterns are identi�ed by independent de
isions (Asbyand Gott (1988)).To avoid unne
essary generality let us assume that there are just two 
omponentshaving two possible values ea
h. Let cuv denote the u-th 
omponent with value v; u, v =

1, 2. To ea
h cuv there exists a set Cuv su
h that if xu ∈ Cuv, then the subje
t will de
idethat the u-th 
omponent has the value v. Let p(x1 ∈ C11|c11) = p1, p(x1 ∈ C21|c21) = p2,
p(x2 ∈ C12|c12) = q1 and p(x2 ∈ C22|c22) = q2 (see the summary in table 1). The sets AjTable 1: 
omponent values, sets and probabilitiesValuesDim. big small

D1 c11, C11, p1 c12, C12, q1

D2 c21, C21, p2 c22, C22, q2are then de�ned as unions of the sets Crs, e.g. A1 = C11 ∪C21, A2 = C11 ∪C22, et
. The
omponents xk of x are sto
hasti
ally independent random variables, and 
orrespondingto (6) one has
p11 = p(x1 ∈ C11|c11)p(x2 ∈ C21|c21) = p1q1

p12 = p(x1 ∈ C11|c11)p(x2 ∈ C12|c21) = p1(1 − q1), et
.The 
onfusion probabilities are summarized in table 2. Let fi(x1, x2) be the 2-dimensionalTable 2: Identi�
ation probabilities a

ording to the independent de
isions modelr-bb r-bs r-sb r-sss-bb p1q1 p1(1 − q1) (1 − p1)q1 (1 − p1)(1 − q1)s-bs p1(1 − q2) p1q2 (1 − p1)(1 − q2) (1 − p1)q2s-sb (1 − p2)q1 (1 − p2)(1 − q1) p2q1 p2(1 − q1)s-ss (1 − p2)(1 − q2) (1 − p2)q2 p2(1 − q2) p2q2distribution of x = (x1, x2)
′ when the pattern si is presented. The representation of siin a given trial is representable as a point in R

2; let X1 and X2 be the 
oordinate axes.The sets C11 and C12 are then de�ned as C11 = {x|x ≤ x01}, C12 = {x|x > x01}, andanalogously C21 = {x|x ≤ x02}, C22 = {x|x > x02}. The de
ision bounds are lines8



parallel to the 
oordinate axes X1 and X2. Following Ashby and Townsend (1986) wewill speak of de
isional independen
e if the de
ision bounds satisfy this 
ondition.It is intuitively 
lear that de
isional independen
e does not yet imply per
eptual inde-penden
e. The notions of de
isional and per
eptual independen
e have been thoroughlydis
ussed by Ashby and Townsend (1986) and related to the notions of per
eptual sepa-rability and integrality as introdu
ed by Garner and Morton (1969); we return to these
on
epts in the Dis
ussion.2.2.4 Dual S
aling (Corresponden
e Analysis)As pointed out in the Introdu
tion we prefer to approa
h our data in a more des
riptivemanner instead of sear
hing for a model that 
ould explain the data. Dual S
aling (DS)provides s
ale values ui for the stimulus patterns si and, at the same time, s
ale values
vj for the responses rj , i, j = 1, . . . , m, su
h that

ui = p̂i1v1 + · · · + p̂imvm, p̂ij = nij/ni+, (3)with ni+ =
∑

j xij . The ui and vj refer to the same (latent) dimension and are 
ho-sen su
h that the varian
e of the ui is maximal relative to that of the vj (Nishisato(1980), Greena
re (1984)). DS is equivalent to Corresponden
e Analysis (CA) (Greena
re(1984)), 
atering, however, very elegantly with the multidimensional 
ase, i.e. with the
ase that the relation between stimuli and responses 
annot be des
ribed with respe
tto a single latent dimension. Quite generally - i.e. without assuming that the ûi areestimates of the expe
ted values E(x|si) - one should expe
t similar values for ûi and v̂jif the subje
t has learned to assign the 
orre
t response to any of the presented stim-uli. To show that this is the 
ase (3) is written in matrix form: let û = (û1, . . . , ûm)′,
v̂ = (v̂1, . . . , v̂m)′ and P̂ = (p̂ij) the matrix of p̂ij-values. Then (3) is equivalent to

û = P̂ v̂.If the subje
t does not make any errors at all, P̂ will be a diagonal matrix and û = v̂follows. This is only a su�
ient 
ondition; in an identi�
ation experiment the stimuli areusually shown su
h that 
onfusions will o

ur, meaning that P̂ is not diagonal. Under
onditions spe
i�ed below the 
ase û ≈ v̂ or even û = v̂ is still possible.DS or, equivalently, CA are des
riptive methods in so far as no assumptions 
on
erningthe the pro
esses 
onstituting the dependen
ies among stimuli and responses have to bemade in order to �nd the s
ale values. On the other hand, we may ask what the s
alevalues tell us about the pro
esses we are interested in. To see this let us �rst re
allthe Bayes model of pattern re
ognition; this model is rather general and may serve as ageneral meta-model for our purposes. 9



The general Bayes model: A

ording to Bayes' Theorem
p(rj |x) =

p(x|sj)bj

p(x)
, p(x) =

∑

k

p(x|sk)bj , (4)with bj the a priori probability that pattern sj was shown. Suppose the subje
t sets
p(rj |x) = 1 if p(sj |x) = maxk p(sk|x). Let Aj be the set of ve
tors x su
h that

p(sj |x) = max
k

p(sk|x) = max
k

p(x|sk)bk. (5)The subje
t is then behaving optimally, 
onditional upon the 
hoi
e of the sets Aj (equiv-alently: the de
ision bounds) and the probabilities bj . In any 
ase, if follows that
pij = P (x ∈ Aj |si)bj = bj

∫

Aj

p(x|si)dx. (6)Dis
riminant fun
tions: The subje
t may also de
ide with respe
t to the value of dis-
riminant fun
tions yj(x), j = 1, . . . , m; the subje
t de
ides for rj (indi
ating the beliefthat sj was shown), if yj(x) > yk(x) for all k 6= j. A parti
ular 
hoi
e for the yj is
p(sj |x). Suppose x is some ve
tor x = (x1, . . . , xd)

′. Another 
hoi
e for the yj(x) is
yj = aj1x1 + · · · + ajdxd. i.e. yj is some weighted sum of the 
omponents of x, andthe aj1, . . . , ajd represent the weights the subje
t assigns to ea
h 
omponent of x. How-ever, yj may also be de�ned with respe
t to (6), e.g. yj(x) = log P (x ∈ Aj |x) + log bj(the probability p(x) 
an be negle
ted here sin
e it is the same for all j); formulating amodel a

ording to whi
h the subje
t de
ides with respe
t to the values of dis
riminantfun
tions may thus be equivalent to adopting the general Bayes model.For reasons already pointed out in the Introdu
tion we will not test any spe
i�
model. On the other hand, the way the s
ale values are 
hosen in DS is equivalent toadopting the 
riteria of dis
riminant analysis (Nishisato (1980)). In so far one may saythat applying DS or CA may well be related to the Bayes or dis
riminant fun
tionsmodel. We will not pursue this line of argument any further here and point out insteadhow the ui in parti
ular may be related to the sensory representation x. We will do thiswith respe
t to DS, assuming a single latent dimension represented by x; CA is then thegeneralisation to the multivariate 
ase.Let E(x|si) be the 
onditional expe
tation of x, give that the pattern si was presented,and let A = ∪jAj . Then

E(x|si) =

∫

A

xp(x|si)dx =
∑

j

∫

Aj

xp(x|si)dx (7)If we introdu
e the fa
tor
wij =

∫

Aj
xp(x|si)dx

∫

Aj
p(x|si)dx

,10



we 
an write
∫

Aj

xp(x|si)dx = wij

∫

Aj

p(x|si)dx = wij p(x ∈ Aj |si), (8)so that
E(x|si) = wi1 p(x ∈ A1|si) + · · · + wim p(x ∈ Am|si). (9)We make now theAssumption:

wij ≈ vj a 
onstant for all i (10)Then
E(x|si) ≈ ui = v1p(x ∈ A1|si) + · · · + vmP (x ∈ Am|sm), (11)i.e. the ui are approximations for the E(x|si). A parti
ular 
hoi
e for the vj is

vj =
1

m

∑

i

wij (12)and the vj approximates the wij in the least-squares-sense.Conditions: For (11) to hold, the 
ondition (10) is su�
ient, but - as simula-tions surprisingly show - not ne
essary. Simulations have been run assuming
x to be Gaussian distributed or, alternatively, to be Beta-distributed; for thelatter the shape of the distribution 
an be 
hanged 
onsiderably with param-eters. If the di�eren
es between expe
ted values and between the varian
es ofthe distributions are not too di�erent the plot of the s
ale values (
oordinateson the �rst dimension provided by a CA) of the stimuli versus the expe
tedvalues turned out to be linear with r2 > .96; so it is fairly safe to interpretethe 
oordinate values on the �rst dimension as some linear transformation ofthe 
onditional expe
ted values of some underlying (�latent�) variable withrespe
t to whi
h the stimulus patterns are evaluated. A full dis
ussion of thesimulations will be given elsewhere.The predi
tion ui = E(x|si) 
an be dire
tly tested if stimuli di�ering withrespe
t to a single physi
al attribute only are employed, e.g. whi
h vary withrespe
t to the 
arrier frequen
y f of a Gabor-pat
h. Su
h an experiment was
arried out (Meinhardt, unpublished data), and the relation between the fiand the 
orresponding ui-values was perfe
tly linear (r2 = .98), suggestingthat the above 
onditions were a
tually met.Remarks:1. The ui and the vj are values on an interval s
ale; so if ui is an estimate of E(x|si)this value is an estimate that is unique up to a s
ale parameter and an additive
onstant. 11



2. Note that ∫

Aj
xp(x|si)dx may be 
alled the 
onditional expe
ted value of x on Aj ,given si was presented; wij then equals this 
onditional expe
tation, weighted by

1/p(x ∈ Aj |si). One may regard wij as a 
hara
teristi
 value of x for Aj , given siwas presented. If (10) holds this 
hara
teristi
 value is independent of si and maythus be interpreted as the value of an indi
ator variable v, i.e. v = vj if x ∈ Aj ,and ui = E(v|si), i.e. ui is the 
onditional expe
tation of v if si was presented.3. x may represent the 
ombination of two stimulus dimensions, e.g. x = a1x1 +a2x2,or x = x1/x2.Determination of s
ale values We 
onsider the general 
ase x = (x1, . . . , xd)
′, i.e. theremay exist d stimulus dimensions. In this 
ase DS has to be 
arried out su
h that morethan a single set of s
ale values (û, v̂) have to be found. It may now be shown thatDS is equivalent to Corrresponden
e Analysis (CA) (e.g. Greena
re, (1984)), whi
hautomati
ally provides as many sets (û, v̂) as ne
essary. We have therefore employed CAin order to analyse the 
onfusion matri
es.Let xij = (nij − eij)/

√
eij , where the eij are the expe
ted values under the nullhypothesis of no relationship between stimuli and responses, i.e. eij = ni+n+j/N , N thetotal number of responses (stimulus presentations) in a table. CA 
onsists basi
ally (i)of a Single Value De
omposition (SVD) of the matrix X = (xij), and (ii) a re-s
aling ofthe resulting s
ores for the row 
ategories (here: the stimuli) and the 
olumn 
ategories(here: the responses) su
h that the 
oordinates of stimuli and responses 
an be relatedto the χ2 of the 
onfusion matrix.The SVD of X yields a the de
omposition X = QΛ1/2T ′ of X given by where Q isthe m×m-Matrix of eigenve
tors of XX ′, T is the m×m-matrix of eigenve
tors of X ′Xand Λ1/2 = diag(√λ1, . . . ,

√
λm)′, √λk, 1 ≤ k ≤ m the k-th eigenvalue of X ′X and X ′X .The matri
es Q 
ontains s
ores of the si on some latent dimension, and T 
ontains s
oresof the rj on the same dimensions. These s
ores are re-s
aled a
ording to

F = D−1/2
r QΛ1/2, V = D−1/2

c TΛ1/2, (13)where Dr is the diagonal matrix of row sums ni+ of the 
onfusion matrix (sin
e all stimuliare presented equally often the elements of Dr in the diagonal are all identi
al, ni+ = nfor all i), Dc is the diagonal matrix of 
olumn sums n+j . Let us, for simpli
ity's sake,rename in (3) the ûi into ui again and the v̂j into vj . Thus
uik = qik

√
λk√
n

, vjk = tjk

√
λk

n+j
. (14)The χ2-value of the 
onfusion matrix is given by χ2 =

∑

ij x2
ij . The inertia of a table isde�ned as χ2/N . The uik and vjk, representing the ui and vj in (3) for the k-th latentdimension; they have been de�ned su
h that ea
h latent dimension �explains� a 
ertain12



proportion of the total inertia χ2/N , in de
reasing order, i.e. the �rst latent dimension
aters for the largest proportion, the se
ond for the se
ond largest proportion, et
. Theinertia 
omponents explained by the latent dimensions 
orrespond to the per
ent ofvarian
e explained in a PCA of measurements.The stimuli and the responses may be simultaneously represented by points with
oordinates given by (13), or (14); this is 
alled a biplot (usually, two latent dimensionsare su�
ient to explain the data in a 
onfusion matrix). The Eu
ledian distan
e betweentwo stimulus points represents the proportion of the total inertia (or χ2) generated bythe di�eren
e between the two stimuli; the Eu
ledian distan
e of a stimulus point to theorigin of the 
oordinate system represents the proportion of the inertia generated by thatstimulus. An analogous interpretation holds for the distan
es between response points.The distan
e between a stimulus and a response point is not de�ned, however; stimuliand response points have to be interpreted with respe
t to the s
alar produ
ts of theve
tors pointing from the origin to the points.As before, one may ask when the stimuli and the 
orresponding responses are pre-sented by points at similar positions. (13) implies that in the extreme (perfe
t 
orrespon-den
e), F = G if DcD
−1
r Q = T . The matrix DcD

−1
r Q is diagonal with elements n+j/nin its main diagonal, n the number of stimulus presentations. So the n+j need not beidenti
al and 
onsequently the 
onfusion matrix needs not be symmetri
al. If the n+jare identi
al, then n+j = ni+ for all i and j and Dr = Dc, i.e. DcD

−1
r = I the identitymatrix so that Q = T . This means that stimuli and responses have identi
al s
ores. So

DcD
−1
r 6= I re�e
ts the bias towards 
ertain responses.As a guideline to �nd interpretations for the latent dimensions one may adopt (11),assuming that the Conditions for (10) are met. The latent dimensions then re�e
t di-re
tly the stimulus dimensions, that is the 
omponents xk of x, i.e. the ui1 are the (morepre
isely: are linear transformations of) the 
onditional expe
tations of the representa-tion of the stimuli on the �rst dimension x1, and ui2 represent the patterns with respe
tto x2, et
. With respe
t to the above Remark we may interprete the vjk as values of theindi
ator variable v·k, i.e. v·k = vjk if xjk ∈ Ajk.3 Experiments3.1 Subje
tsTwo subje
ts (male, 27 and 32 years of age) served as observes. Both are myope with
orre
ted eyesight, and both are well a
quainted with psy
hophysi
al experiments, inparti
ular with dete
tion experiments. Subje
t KF was naive with respe
t to the purposeof the experiment. 13



3.2 ApparatusPatterns were generated using a VSG2/3 stimulus generator and displayed on a VM364014� grays
ale monitor. A pattern was s
aled in 
ontrast using a table loaded with 512entries equidistant in 
ontrast where entry No. 511 pointed to the pattern in maximum
ontrast and entry No. 0 pointed to the pattern in zero 
ontrast. Ea
h of the 512 entriesreferred to a lookup table being a linear gray stair
ase 
onsisting of 256 steps 
hosenfrom a palette of 4096 possible gray values, the medium step (128) always referringto gray value No. 2048. The relation between the gray level entries 0 to 4095 andthe luminan
e on the s
reen was linearised by means of RGB-translation tables. Thislinearity was 
he
ked before ea
h experimental session using a 
alibration program whi
hdetermined the relation between the digital gray values of the VSG2/3 and luminan
e in
d/m2 measured by an LMT 1003 photometer. The 
oe�
ient of determination of theregression line was in all 
ases greater than .98. The refresh rate of the monitor was 72Hz at a horizontal frequen
y of 39 kHz, the pixel resolution was set to 640 × 480 pixels.The room was darkened so that the ambient illumination mat
hed the illumination onthe s
reen to a fair degree of appoximation. The mean luminan
e of the s
reen was set to50 
d/m2. Patterns were viewed mono
ularly at a distan
e of 180 
m. The subje
ts useda 
hin rest and an o
ular. the o
ular limited the visible area of the s
reen to a 
ir
ular�eld of 4.60 in diameter. The subje
ts responded by pressing a button on an externalresponse box.3.3 StimuliStimulus patterns were de�ned either a

ording to
l(r) = l0(1 + m s(r)), r =

√

x2 + y2, (15)(identi�
ation experiment), or to
l(r) = l0(1 + m(s(r) + q J0(a r))) (16)(dete
tion experiment; r as de�ned in (15)), where l0 de�nes the spa
e average luminan
eof the s
reen, and m = (lmax − lmin)/2l0 (maxwell 
ontrast). s(r) is de�ned as thesuperposition of two radially symmetri
 �dis
s� d1 and d2, spe
i�ed by

dk(r) =

{

1, r ≤ ck

0, r > ck

, k = 1, 2 (17)and s(r) is de�ned as
s(r) = (1 + α)d1(r) − αd2(r), α = 1/2. (18)i.e. s(r) de�nes two two 
on
entri
ally superimposed 
ir
ular dis
s of di�erent radius14



Figure 1: Example of stimulus (a) and ba
kground pattern (b): luminan
e pro�les
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e. For the identi�
ation experiment four patterns s(r) were de�ned: r1
ould assume either the value r11 or r12, and r2 
ould assume the values r21 or r22; aparti
ular pattern si is de�ned by a 
ombination (r1i, r2i), so there are four possiblepatterns. The a
tual values of the rij are summarized in table 3. These patterns wereTable 3: Stimulus parameter for the identi�
ation experiment; c1, c2: radii of 
ompo-nents. Stimulus c1 c2 c1/c2 c2/c1

bb .25 .075 3.333 .300
bs .25 .07 3.571 .280
sb .23 .075 3.067 .320
ss .23 .07 3.285 .304not presented superimposed on a Bessel-pattern. Thus the total width (diameter) of thestimulus pattern is de�ned by the �outer� dis
 and was either 2c1 = .50 or 2c1 = .460.The �inner� dis
 had either the diameter 2c2 = .150 or 2c2 = .140.In the dete
tion experiment only the pattern de�ned by (c1j , c2j) was employed. Theparameter a in the ba
kground pattern J0 is de�ned as a = 2πf , and f 
ould assumethe values 2.0, 2.5, 3.0 or 3.5 
/deg; these values are di
tated by the spe
trum of the�test�pattern, sin
e the ba
kground patterns will have no e�e
t on the dete
tability ofthe testpattern if the frequen
y parameter f has zero amplitude in the spe
trum of s(r).3.4 Pro
edurePre- and posttest dete
tion thresholds. The pre- and posttest measurements aimedat data 
olle
tion for a measure of sensitivity for superimposed patterns 
omposed ofthe small aperiodi
 test pattern (r12,r22) and Besselfun
tions of zero order and variousspatial frequen
ies. The measure of sensitivity introdu
ed here follows the standard15



of Kulikowski's and King-Smith's summation to threshold paradigm. Brie�y, let theresponse to m(s(r) + q J0(a r)) be given by g(r) = m(ht(r) + q hb(r), where ht is theunit response to the �test�-pattern s(r) (i.e. the response to s(r) with unit 
ontrast) and
hb the unit response to the ba
kground pattern J0. Suppose the pattern is dete
ted atthe position r0, where g assumes its maximum, and if g(ro) = c a 
ertain 
onstant. Let
m1 = m, m2 = q m. Dropping r0 for simpli
ity it follows, with m01 the threshold 
ontrastfor s(r) when presented without the ba
kground pattern, m1 = m01 −m01m2hb/c,so fordi�erent values of m2 the value of m1 should be a linear fun
tion of m2, provided thevalues of m2 are not too large; this is the 
ontrast interrelation fun
tion (CIF)). The slopeof this CIF is proportional to hb, and hb is the response to the ba
kground pattern J0.If the dete
ting 
hannel is radially symmetri
, then the response hb(r) is proportionalto the input J0(ar), and the proportionality fa
tor equals the system fun
tion of thedete
ting 
hannel. If the dete
ting 
hannel is a mat
hed �lter for the stimulus pattern
s(r), then the system fun
tion is proportional to the Hankel transform (i.e. the Fouriertransform in 
ase of radial symmetry) of s(r). So the slopes of the CIFs for di�erentvalues of s = 2πf , i.e. of f should be proportional to the Fourier spe
trum of s(r).Contrast threshold measuring pro
edures. For the pretest and the posttest sen-sitivity measurements two experimental sessions were 
arried out with ea
h subje
t.Within ea
h experimental session the 
ontrast thresholds for 
ompound patterns (super-positions of the test pattern on Besselfun
tions of zero order and ea
h of the six possiblespatial frequen
ies) and the testpatten alone were determined. For ea
h spatial frequen
y
f four values of q were employed in order to estimate linear approximations to 
ontrastinterrelation fun
tions. These values were q1(f), q2(f),−q1(f),−q2(f), where q2 = q1/2.Negative fa
tors of q denote a 1800 phase shift of the ba
kground pattern (
ontrast re-versal te
hnique, 
.f. Kulikowski and King-Smith 1973). The fa
tor q1 (f) was always
hosen su
h that the relative 
omponent strength of the Besselfun
tion was not greaterthan 40% of its threshold 
ontrast. In order to determine the appropriate values of q forea
h spatial frequen
y of the Besselfun
tion, measurements of the thresholds for simple
J0 targets were 
arried out prior to measuring 
ompound pattern thresholds. For ea
hexperimental session the 
omputer generated a random list of all superimposed patterns,i.e. the subje
t was not able to generate valid hypotheses about the sequen
e of spatialfrequen
ies of the superimposed patterns. Contrast thresholds were measured with themethod of limits. This was done as follows: The initial 
ontrast was set to the startingvalue. For the �rst measurement, this was a value well beyond threshold, for the followingmeasurements for the same pattern, this value was the mean of all foregoing threshold
ontrasts for that pattern, plus 25% of 
ontrast. Then the �rst down-run started: The
ontrast was de
remented using a temporal stair
ase until the subje
t signaled that thesignal was no longer visible by pressing a button on a small response keyboard. Thetemporal stair
ase 
omprised 512 
ontrast steps (equidistant in 
ontrast, s. above), ea
h16



of them with a 
ontrast amplitude of 3.9 × 10−5 and 24 mse
 duration. The image wasalways present on the s
reen, it was not temporally gated from one 
ontrast step to thenext (re
tangular temporal stair
ase). Then the 
ontrast was diminished by 25% andthe 
ontrast was in
remented using the temporal stair
ase until the subje
t signaled thatthe pattern was barely distinguishable from the s
reen ba
kground. The average of boththreshold 
ontrast values mup and mdown was taken and used as the 
ontrast thresh-old m of this measurement. At least twelve threshold measurements were 
arried out forea
h pattern, the mean of the measurements served as estimate of the threshold 
ontrast.The subje
ts were advised to press the button if they had the impression that the s
reendeviated in any way from the mean pale gray, or turned to pale gray again, respe
tively,and to �x the 
enter of the s
reen, whi
h was marked by a small permanent dot. Ea
hsubje
t made one experimental session per day, i.e. pretest and posttest, respe
tively,were done at two 
onse
utive days.3.5 The identi�
ation experimentFirstly, the subje
ts were trained to establish the 
orre
t assignment of response buttonand stimulus pattern. 20 training trials proved to be su�
ient.The stimuli were presented in pseudo random order; within a single session ea
hstimulus was pesented n = 25 times, so there were altogether 4n stimulus presentationsand the same number of responses. The 
ontrast of the patterns was held 
onstant at
m = .180; this is about six times the dete
tion threshold of a pattern.A trial was initiated by a tone; after 500 ms a stimulus pattern appeared for theduration of 560 ms. The subje
t responded by pushing one of the buttons 1 to 4 a

ordingto his de
ision about the presented stimulus pattern. After his response he was providedwith a feedba
k about his de
ision: one of four possible tones indi
ated whi
h patternhad a
tually been shown.In an experimental session ea
h pattern was presented 25 times. For ea
h session,the responses were summarised in 
onfusion matri
es having the form given in table 4,where ea
h row 
ontains the number of a 
ertain stimulus pattern. The notation bb, bsTable 4: Confusion Matrix

BB BS SB SS
∑

bb n11 n12 n13 n14 n
bs n21 n22 n23 n24 n
bs n31 n32 n33 n34 n
ss n41 n42 n43 n44 n
∑

n+1 n+2 n+3 n+4 N17



et
 represents the 
omponents de�ning a pattern. Sin
e the radius of a dis
 
an assumeone of two possible values they may be 
oded with either b (big)or s (small). So bbrepresents the pattern with .50 diameter �outer� dis
 and .150 diameter of the �inner�dis
, bs represents the pattern with .50 diameter of the outer and .140 diameter of theinner dis
, et
.. Capital letters indi
ate responses: BB thus represents the response thatthe pattern bb was presented, et
.. n+j , j = 1, . . . , 4 represents the sum of the nij for agiven value of j, and n = 25, N = 100.Subje
t KF provided 
onfusion matri
es of the form given in table 4 at �ve 
onse
-utive days, with three sessions ea
h, i.e. altogether 15 matri
es. Subje
t GM provideda single 
onfusion matrix per day at �ve 
onse
utive days. Usually, identi�
ation ex-periments 
omprise many more sessions than our experiment, and data from pra
tisetrials or sessions are not in
luded in the analysis2. In our experiment we 
olle
ted farless data be
ause we were mainly interested in the e�e
ts of this experiment on the de-te
tion performan
e. Still, the data show stable aspe
ts pointing to interesting resear
hperspe
tives.4 Results4.1 Dete
tion dataThe results of the dete
tion experiments - one before and one after the identi�
ationexperiment - are summarised in Fig. 2 (subje
t KF, the data of subje
t GM are similar).Figure 2: Results of the dete
tion experiments
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-patternObviously, the sensitivities of the pre- and post test do not di�er. The predi
tion of themat
hed �lter model is presented as well, the data appear to be 
ompatible with thismodel.It follows that the identi�
ation experiment does not seem to have any e�e
t on thedete
tion data. Further, if one assumes dete
tion by a mat
hed �lter, then this �lters2For instan
e, Falmagne (1972) dis
usses a 
onfusion matrix from an identi�
ation experiment with6 alternatives based on altogether 54 000 trials, of whi
h 539452 trials were a
tually analysed18



appears to exists from the �rst measurements on. If the mat
hed �lter is formed duringthe 
ourse of the experiment one has to 
on
lude that it forms fastly.4.2 The identi�
ation data4.2.1 Corre
t responsesTo begin with, let us 
onsider the 
hange of the proportion of 
orre
t responses within
reasing number of experimental sessions. Fig. 3 shows the data for subje
ts GM andFigure 3: Corre
t responses
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S15KF. The regression lines are not meant to represent a model of learning; they arejust meant to indi
ate the trend in the data (whi
h may even be nonlinear). A

ordingto these trends the subje
t do learn. Note that the regression lines are about parallel,indi
ating a similar learning rate for the di�erent patterns, - with the ex
eption of theline for the pattern bb, subje
t GM. On the other hand, the parallelity of the regressionlines should not be overinterpreted; for bb and sb positively a

elerated 
urves �t thedata better than linear fun
tions.For both subje
ts, the pattern bb and ss appear to be the more di�
ult to identifythan the patterns bs and sb. While the possibility that after 
ontinued learning theprobabilities of 
orre
t identi�
ation be
ome identi
al it remains to state that the im-provement of the identi�
ation performan
e for the patterns ss and bb is paralleled to animprovement for the patterns bs and sb. This indi
ates that the pairs (bs, sb) and (ss, bb)di�er with respe
t to some aspe
t of their respe
tive sensory representations that makesit easier to dis
riminate bs or sb from the alternatives than to dis
riminate ss or bb fromthe alternatives.4.2.2 The all-or-none, the biased similarity and the independent de
isionsmodelFigures 4 and 5 show the results for the all-or-none, the biased similarity and the19



Figure 4: χ2-values for 
onfusion matri
es, test of the independen
e, the biased similarityand the all-or-none model (GM)
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Figure 5: χ2-values for 
onfusion matri
es, test independen
e, the biased similarity andthe all-or-none model (KF)
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independent de
isions model, for the subje
ts KF and GM, together with the χ2-valuesfor the 
onfusion matri
es resulting from the individual experimental sessions.For subje
t GM the χ2-value representing the dependen
ies between stimuli and re-sponses rea
hes a signi�
ant value only in the �fth session. The all-or none model 
annotbe �tted at all; the attempt to �nd the parameters pi and bj by minimizing the χ2 of a
onfusion matrix yields negative estimates for some of the pi
3. An alternative, parame-terfree test was devised 
omputing the quotiens qq; they yould 
orrespond to the straightline with slope 1 in Fig. 3 (b). The results illustrate the la
k of �t. The similarity 
hoi
emodel is 
ompatible with the data only for two sessions, where, however, the χ2 repre-senting the dependen
ies among stimuli and responses (Fig. 3 (a)) is not signi�
ant, sothe model 
an be dis
arded for this subje
t. The independent de
isions model is 
om-patible with the data from all sessions (Fig. 3 (
)); note, however, that the χ2 for thegoodnes-of-�t is in
reasing with the overall χ2. Although the model is 
ompatible withthe data from the �fth session - the only session with a signi�
ant overall χ2 - the modelmay be
ome inadequate with further learning; it seems that the in
rease of dependen
iesamong stimuli and responses implies a worsening of the �t of the model.With subje
t KF the situation is slightly di�erent. The χ2-values �u
tuate betweenbeing signi�
ant and nonsigni�
ant, and in
rease substantially for the 13-th and 14-thsession; however, at the 15-th session there is again a 
onsiderable drop of the χ2, whi
hremains signi�
ant on the 1%-level, however.As with subje
t GM, the all-on-none model is not 
ompatible with the data; theredo not even exist meaningful values for the parameters pj , attempts to �nd them yieldnegative values. We present the plot Fig. 4, (b) to illustrate the la
k of �t.The biased similarity model be
omes 
ompatible with the data from the last twosessions. The independent de
isions model is 
ompatible with the data in the non trivialsense, i.e. when the overall χ2 is signi�
ant, from the the sessions 8 and 12.Now authors who have su

essfully �tted models like the ones 
onsidered here usually�tted the data after a large number of training sessions (Townsend and Ashby (1982),Nosofsky et al (1986)). So one may argue that the attempt to �t su
h models to ourdata is inadequate for a start sin
e the subje
ts were still learning their task.Let us look at the sessions 2, 7, 9, possibly 11, and 12, 13, 14. The overall χ2 for thesesessions are signi�
ant, meaning that the subje
t follows a 
ertain de
ision strategy ina systemati
 way, - a 
hange of strategies would result in 
onfusion frequen
ies lookinglike randomly generated de
isions and 
onsequently in low χ2-values. Inspe
tion of theresults of the CAs yields further insight into the nature of the dependen
ies.4.2.3 Corresponden
e analysesFig 6 shows the biplots of subje
t GM, and Figs 7, 8 and 9 show the biplots of subje
t3The Mathemati
a-routine FindMinimum was used.21



Figure 6: Biplots, Subj. GM. See text for explanation.
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Figure 7: Biplots, Sessions 1 - 6 (KF). See text for explanation.
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on
lude from Fig. 3 that subje
ts do learn over the sessions so thatthe number of 
orre
t de
isions in
reases. This means that in the biplots the pointsrepresenting a stimulus on the one hand and the 
orre
t response on the other shouldbe 
loser together the more sessions the subje
t has served. We have presented thebiplots also for sessions with a nonsigni�
ant overall χ2 in order to show the variationof the plots between sessions. Fig. 9 shows also the biplot predi
ted by the independentde
isions model for the 15-th session of subje
t KF. Re
all that for this session thismodel was 
ompatible with the data. The predi
ted biplot was found by estimating thefrequen
ies in a 
onfusion matrix on he basis of the estimated probilities for identifyingthe 
omponents 
orre
tly. The 
omparison of the a
tual biplot and the predi
ted mygive an impression of the distribution of s
ale values (the sampling distribution of the23



Figure 8: Biplots, Sessions 7 - 12 (KF). See text for explanation.
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ale values does not seem to be known).The question is now whether anything systemati
 exists in the biplots. Further in-spe
tion of them reveals that the �rst latent dimension (the one explaining the largerproportion of the total inertia (χ2/N) is often de�ned by the pair bs and sb of the stim-ulus pattern. The se
ond latent dimension is less 
lear, but there appears to be a trendthat it is spe
i�ed by the pair bb and ss. To see more 
learly what sort of informa-tion the biplots 
ontain the 
oordinates of the patterns bb, bs, sb and ss as well as ofthe responses BB, BS, SB and SS on the �rst latent dimension have plotted and arepresented superimposed in Figures 10 and 11. For both subje
ts there seems to exista rather 
lear pattern: on the �rst latent dimension the 
oordinates for the pattern sbtend to be maximal for subje
t GM and minimal for subje
t KF; for the pattern bs the24



Figure 9: Biplots, Sessions 13 - 15, and predi
tion of the independent de
isions model(KF). See text for explanation.
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Figure 10: Coordinates for sessions 1- 5 (GM)
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reverse holds; note that the 
oordinates follow the general pattern also in sessions withnon-signi�
ant χ2-values. For subje
t KF there are a few sessions where the 
oordinatesof bs tend to be minimal and those for sb are maximal. Su
h reversals are irrelevant in sofar as the meaning of the latent dimension appears to remain invariant. The 
oordinatesof the responses on the �rst latent dimension follow the pattern of the 
orrespondingstimulus patterns. The fa
t that the patterns bs and sb seem to de�ne the main latentdimension 
orresponds to the �nding that these patterns were easier to identify in allsessions (
.f. Fig. 3).The plots of the 
oordinates on the se
ond latent dimension show a less 
lear pattern:while the �rst latent dimension seems to govern the de
isions in all sessions, the se
ondlatent dimension appears to be too fuzzy to play an invariant role in di�erent sessions.For subje
t GM the proportions of the inertia χ2/N of the 
onfusion matri
es due tothe se
ond dimension have values between 18.7% and 37.33% with a mean of 28%; theseproportions seem to be su�
iently large to presume that the se
ond dimension doesFigure 11: Coordinates for sessions 1 - 15 (KF)
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t some relevant aspe
t of the de
isions; for subje
t Kf the situation is similar.We will o�er an interpretation of the se
ond dimension after the following 
onsiderations.In parti
ular for subje
t KF the �rst latent dimension appears to be 
hara
terisedby the pair (sb, bs); this is 
learly so for all sessions ex
ept sessions 4 and 7, i.e. forabout 87% of the sessions. Note that the overall χ2 needs not be signi�
ant for a general26



stru
ture to be
ome visible in the biplots. The proportion of inertia explained by thisdimension is often very high 
ompared to that explained by the se
ond dimension: theproportion varies between 14% and at most 20% with the ex
eption of session 7, wherethe se
ond dimension a

ounts for about 30% of the inertia; in session 10 the se
onddimension a

ounts for only 3% of the inertia.To pursue the question of the meaning of the dimensions a bit further let us startfrom the hypothesis that it is the ratio of the diameter or radius of the two superimposeddis
s that de�ne the major 
riterion for identi�ying the patterns. The ratio of the radiiof the outer to the inner dis
 are, in as
ending order:
3.067 (sb), 3.289 (ss), 3.333 (bb), 3.571 (bs), (19)Equivalently, one 
ould 
onsider the repro
al ratios; the relation between the patternsremains, of 
ourse, invariant. There is a unique 
orresponden
e between patterns andratios, so it is possible at least in prin
iple to identify the patterns by evaluating thevalue of the ratio; if the subje
t 
onsistently follows the strategy to identify stimuluspatterns with respe
t to this ratio 
orresponden
e analysis would represent stimuli andresponses on a single dimension; however, the ratios for the patterns bb and ss are verysimilar, and this 
ould mean a high 
onfusion probability for these two patterns.Suppose that the �rst dimension re�e
ts the evaluation of the stimuli with respe
t tothis ratio (
.f. the remark 2. in se
tion 2.2.4). One may therefore plot the 
oordinatesof the four patterns on the �rst dimension versus the value of the ratio of the radius ofthe greater and the smaller dis
 (�outer/inner dis
�). Fig. 12 shows a sample of the plotsfrom one of the subje
ts (KF). The plots show the data 
onforming to the hypothesisthat the �rst latent dimension is de�ned by the quotient. For the remaining sessions thevalue of r2 is between .005 (session 7) and .77 (session 12). The point is that the sessionsfor whi
h the hypothesis may be a

epted do not form a blo
k of 
onse
utive sessions,indi
ating that the subje
t may 
hange his strategy from one session to the next. Notethat for session 10 the data 
onform extremely well with the hypothesis, although theoverall χ2 is not signi�
ant, indi
ating that the amount of �noise� in the data is large
ompared to the stru
ture underlying the subje
t's de
isions. Note also that the valuesof the quotients for the patterns ss and bb are similar, and that CA yields s
ale valuesfor these patterns on the �rst dimension that are, for the data shown, also very similar;in the remaining sessions the s
ale values for ss and bb may di�er 
onsiderably. Further,for the last two sessions (14 and 15) the data do not agree with the hypothesis; - insession 15 the independent de
isions model �ts, whi
h is, of 
ourse, in
ompatible withthe quotient-hypothesis. In so far the data are internally 
onsistent.It remains to 
onsider what the se
ond dimension 
ould represent. If the �rst dimen-sion is mainly de�ned by the patterns bs and sb (possibly via the ratio of the 
omponents)one 
ould think of the patterns bb and ss as possibly de�ning the se
ond dimension. Ifthe subje
ts do indeed evaluate the patterns with respe
t to some fun
tion of the repre-27



Figure 12: Stimulus dimension: quotient of 
omponents for sessions with signi�
ant χ2,(KF)
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sentations of the pattern 
omponents one has to suspe
t that either the subje
t employstwo su
h fun
tions, or that the se
ond dimensions represents, in a way that has to bespe
i�ed, just noise, i.e the e�e
ts of un
ertainty how to identify 
ertain patterns.To 
larify this point let us re
all that the 
on�guration of points representing stimuliand responses is determined by what is 
alled the row- and 
olumn pro�les in CA. Inour 
ase, a row pro�le 
orresponds to a stimulus, and a 
olumn pro�le to a response. Arow or stimulus pro�le is given by the relative frequen
ies ni1/ni+, . . . , nim/ni+, and aresponse pro�le by the relative frequen
ies n1j/n+j, . . . , nmj/n+j . The distan
e betweenFigure 13: Stimulus and response pro�les for the patterns bs and sb (KF)
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bb bs sb sstwo stimulus points will be the smaller, the more similar the pro�les of the stimuli are,and the analogous statement holds for the points representing the responses. The s
alarprodu
t of the ve
tors pointing from the origin of the 
oordinate system to two stimuluspoints will be about zero, if their pro�les have about zero 
ovarian
e. Let us now lookat the pro�les of the patterns bs and sb on the one hand and the pro�les of bb and sson the other. The stimulus and the response pro�les for the patterns bs and sb show a
lear pattern, 
orresponding to the pattern of 
oordinate values on the �rst dimension.For the patterns bs and sb the maximum number of responses o

urs for the responses
BS and SB. For the patterns bb and ss the situation is di�erent. For bb the maximumnumber of responses is not at BB, and similarly for the pattern ss. In Fig. 15 themean number of responses and the 
orresponding varian
es for the four patterns havebeen plotted. So on average the response given to bb is SB, the response with se
ondhighest average is BS; the varian
es of the frequen
ies of responses is maximal for bb,with maximal varian
e for the response SB. For the pattern ss the situation is slightlydi�erent: the responses BS, SB and SS are 
hosen with about equal frequen
ies, and BB29



Figure 14: Stimulus and response pro�les for the patterns bb and ss (KF)
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Figure 15: Means and varian
es of response frequen
ies (KF)
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is 
hosen 
omparatively rarely. In any 
ase, the mean response pro�les for the patterns
bb and ss are quite di�erent from the mean response pro�les of bs and sb. So on averagethe 
orrelation between the pro�les for bb and ss with those of bs and sb will be aboutzero, and therefore the CA will indi
ate a se
ond dimension. But this dimension doesnot represent the values of some systemati
ally evaluated fun
tion of the 
omponentrepresentation, but just the un
ertainty with respe
t to the response to be given wheneither bb or ss is presented. This is very plausible when one looks at the values of theratios of the 
omponent measures: with respe
t to these values, bb and ss are hard todistinguish from ea
h other: a

ording to Table 3 the ratio of the radii of the �outer� tothe �inner�dis
 is 3.333 for bb and 3.289 for ss; the re
ipro
al values of these quotientsare .300 and .304, - the subje
ts may equally well judge a

ording to the quotient of theradii of �inner� to �outer� dis
. So if the quotient of the radii is the 
riterion variable
bb and ss are very hard to distinguish. Further, the quotients �inner� to �outer� dis
radius for these two patterns are just between those for the patterns bs and sb, whi
hare for bs 1/3.571 = .280 and 1/3.067 = .320 for sb, implying that bb and ss are alsohard to distinguish from bs and sb with respe
t to the quotient-
riterion. However, this
riterion does not seem to be the full story yet, sin
e ss is not very often 
onfused with
bb, 
ompared to the number of 
onfusions with bs and sb. So the absolute sizes of the
omponents may enter the evaluation of a pattern as well, possibly dependent on thesize of the 
omponents: - for the smaller pattern su
h an evalution appears to be simplerthan for the larger pattern.5 Dis
ussionLet us summarize the main �ndings:1. The identi�
ation experiment has no in�uen
e on the dete
tion performan
e; more-over, the dete
tion data are 
ompatible with the hypothesis that the pattern isdete
ted by a mat
hed �lter for this pattern.2. While sensory learning seems to be fast - there is no di�eren
e between the threshold
urves from the two dete
tion experiments, and if one assumes that mat
hed �ltersare formed during the experiment, they must be formed during the �rst trials -identi�
ation learning seems to require many more trials or sessions. Although thepossibility that sensory learning may also play a role in identi�
ation pro
esses,the main di�
ulty here appears to result from (i) gestalt-e�e
ts inherent in thesensory representation, and (ii) �nding the optimal de
ision boundaries separatingthe possible sensory representations generated by the di�erent patterns.The sensory representation of the patterns seems to be su
h that the appearan
e of theindividual 
omponents is in some way 
orrelated. The patterns bs ans sb are easier31



to identify than the patterns bb and ss. If it justi�ed to assume that the �rst latentdimension revealed by the CAs represents an aspe
t a

ording to whi
h the patterns areevaluated than the data suggest that this aspe
t is determined by the value of the ratioof the sizes of the 
omponents. Sin
e bb and ss have very similar values with respe
t tothis variable the are 
onfused with other patterns far more often than the patterns bsand sb. It was argued that the se
ond latent dimension suggested by the CAs representsnot mu
h more than the di�
ulty to identify the patterns bb and ss simply be
ause thestimulus (�row�-) pro�les for these two patterns are almost always un
orrelated with thepro�les of bs and sb.Now the subje
ts knew that the 
omponents of the pattern varied independently overtrials, so they tried to optimize their de
isions by evaluating ea
h 
omponent independentof the other. That seems to be a hard task. Subje
t GM reported to have tried thisindependent evaluation from the start of the experiment on; however, to the extent theoverall χ2s for the 
onfusion matri
es in
reased, the χ2 representing the goodness-of-�tfor the independent de
isions model also in
reased. It is as if the subje
ts had to workagainst what was per
eptually given to them.So one may dedu
e that the sensory representations generated by the patterns are
hara
terized by strong gestalt-e�e
ts. The fa
t that the independent de
ision model�ts the data of sessions4 2 and 15 of subje
t KF does not yet mean that the stimulus
omponents - the dis
s - are now per
eived independent of ea
h other. To see this onemay refer to the work of Ashby and Townsend (1986). These authors investigated thenotion of per
eptual independen
e and their �ndings seem to be of importan
e for theinterpretation of our results. Let fi(x1, x2) be the density fun
tion 
hara
terizing thesensory representation of the stimulus pattern si. We may adopt Ashby and Townsend'sde�nition of per
eptual independen
e, namely that the 
omponents are per
eptuallyindependent if fi(x1, x2) = gi(x1)gi(x2), with gi(x1) and gi(x2) the marginal distributionsof fi. Further, Ashby and Townsend introdu
e the notions of per
eptual separability, asde�ned by Garner and Morton (1969), and de
isional separability: two 
omponents of apattern are per
eptually separable if the e�e
t of one 
omponent does not depend uponthe level of the other. The 
omponents are de
isionally separable if the de
ision aboutone 
omponent does not depend upon the level of the other; so our model of independentde
isions represents de
isional separability. De
isional separability implies, as Ashby andTownsend point out, that the de
ision bounds are parallel to the 
oordinate axes de�nedby 
omponent representation X1 and X2. They prove (their Theorem 4) that if (i)
x = (x1, x2) is multivariate Gaussian, (ii) the expe
ted values µij are pairwise di�erent,and (iii) the subje
t behaves optimally in the sense of maximizing the probability ofanswering 
orre
tly, i.e. if she or he operates a

ording to (5), then per
eptual andde
isional separability imply per
eptual independen
e.4These are the sessions with a nontrivial �t of the model, sin
e the overall χ

2 is signi�
ant for thesesessions. IN session 8 the overall χ
2 is not signi�
ant.32



Let us now assume in parti
ular that the fi(x1, x2), i = 1, . . . , 4 are 2-dimensionalGaussian with pairwise di�erent mean values µij and that the subje
ts behave optimally.If, in an identi�
ation experiment, the stimuli are 
oded in the same way as in a de-te
tion experiment (
.f. Thompson (1985) for an elaboration of arguments supportingthis assumption), our results with respe
t to the mat
hed-�lter hypothesis suggest thatthe 
omponents are not per
eptually independent; this assumption is implied by modelsdes
ribing the formation of mat
hed �lters as an adaptation of the re
eptive �elds of 
or-ti
al neurons (Mortensen and Na
htigall (1999)), so the stimulus patterns are en
odedby highly 
orrelated neurons, implying that the varian
e-
ovarian
e matri
es Σi of the fiare not diagonal. Let us further assume that the subje
ts behave optimally in the senseof maximizing the probability of 
orre
t responses. Ashby and Townsend's theorem thenimplies la
k of per
eptual separability or la
k of de
isional separability, or both. So ifthe independent de
isions model holds we may assume that the patterns are de
isionallyseparable, and we have to 
on
lude that they are not per
eptually separable.The question behind our dete
tion experiments refers to the way patterns are rep-resented in the visual system. Even if the hypothesis of 
oding by mat
hed �lters orby 
ell assemblies where ea
h neuron is a mat
hed �lter for that aspe
t of the patternthat 
overs the re
eptive �eld of the neuron, we still have to model in greater detail howthe a
tivity of su
h assemblies is evaluated by 
ognitive systems having this a
tivity asinput. Attempts to disentangle these a
tivities will be the 
enter of future work.
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6 AppendixCorresponden
e analysisCorresponden
e analysis may be thought of as a method of �nding the s
ale values uiand vj in the general, multidimensional 
ase. If there are more than one underlyingattribute or �latent dimensions�, the stimulus pattern si will be represented by the s
alevalues ui1, . . . , uis, say, where s is the number of latent dimensions. In the same way theresponses will be represented by s
ale values vj1, . . . , vjs.Let nij be the number of 
onfusions of stimulus pattern si with the pattern sj , let
ni+ =

∑

j nij and n·j =
∑

i nij and N =
∑

ij nij , and let
xij

def
=

nij − ni+n+j/N
√

ni+n+j/N
. (20)so that

χ2 =

I
∑

i=1

J
∑

j=1

x2
ij , df = (I − 1)(J − 1) (21)Let X = (xij) be the matrix of xij -values. CA 
onsists essiantially of (i) the SingularValue De
ompositon (SVD) of X , and (ii) a re-s
aling of the resulting s
ores for thestimuli and the responses in su
h a way that the latent dimensions �explain� independent
omponents of the total inertia χ2/N . The SVD yields the de
omposition

X = QΛ1/2T ′, Λ1/2 = diag(√λ1, . . . ,
√

λm) (22)where Q is an I × s matrix of eigenve
tors of XX ′, T is a J × s-matrix of eigenve
tors of
X ′X and Λ is an s×s-diagonal matrix 
ontaining the singular values, i.e. the roots √λk,
k = 1, . . . , s of nonzero eigenvalues λk of XX ′ and X ′X . The element qik in the i-th rowand k-th 
olumn of Q is a s
ore of stimulus pattern si on the k-latent dimension, andthe element tkj in the k-th row and j-th 
olumn of T is a s
ore of the response rj on the
k-th latent dimension.The re-s
aling of the qik and tjk a
oording to

uik = qik

√
λk√
ni+

, vjk = tjk

√
λk√
n+j

(23)implies that the k-th axis �explains� that proportion of inertia that is generated by the k-th latent dimension in the same sense the 
oordinates in an ordinary PCA are 
hosen as to
orrespond to the proportion of varian
e explained by a prin
ipal 
omponent. Although
ni+ = n for all i we have written ni+ instead of n in order to stress the point that √λkhas to be divided by the row sums. uik 
orresponds to ui and vjk to vj in (3).An important notion for the interpretation of the results of a CA is that of a χ2-distan
e between two row 
ategories, i.e. stimuli in our 
ase, or between two 
olumn
ategories, i.e. responses in our 
ase; there is no su
h distan
e between a row and a34




olumn 
ategory, though, i.e. the 
on
ept of a distan
e between a stimulus and a responseis not de�ned. Let si and si′ be two stimulus patterns. The χ2-distan
e between the
orresponding rows of the 
onfusion matrix is de�ned by
δii′ =

J
∑

j=1

1

n+j

(

nij − ni′j

ni+

)2

, (24)sin
e the stimuli are presented equally often ni+ = ni′+ for all i and i′ . The χ2-distan
ebetween the responses is de�ned analogously, namely
δjj′ =

I
∑

i=1

1

ni+

(

nij

n+j
− nij′

n+j′

)2

. (25)Generally, n+j 6= n+j′ .Sin
e CA provides a representation of the stimulus patterns si by points σi in some
oordinate system it is possible to de�ne the Eu
lidian5 distan
e dii′ between two points
σi and σi′ representing the patterns si and si′ :

d(σi, σi′) = dii′ =

s
∑

k=1

(uik − ui′k)2. (26)Analogously, the Eu
ledian distan
e between tow response points ρj and ρj′ is be de�nedby
d(ρj , ρj′ ) = djj′ =

s
∑

k=1

(vjk − vj′k)2. (27)It may be shown that the 
oordinates uik and vjk have the following properties:1. The dimensions represent independent latent variables, ea
h of whi
h a

ounts fora 
ertain proportion of the total inertia χ2/N .2. Generally,
dii′ = δii′ , djj′ = δjj′ , (28)i.e. the Eu
ledian distan
e between any two stimulus points σi and σi′ equals the
orresponding χ2-distan
e between the two points, and analogously the Eu
lediandistan
e between any two response points ρj and ρj′ equals the χ2-distan
e betweenthe two responses. In parti
ular, the Eu
ledian distan
e d(σi, 0) between the point

σi, representing the stimulus si, and the origin 0 of the 
oordinate system re�e
tsthe 
ontribution of si to the χ2 of the 
onfusion matrix,3. The Eu
ledian distan
e between any row and 
olumn point 
annot be related asdire
tly to the χ2 of the 
onfusion matrix. However, the xij -values depend uponthe s
alarprodu
t of the 
oordinates uik and vjk, is maximised if uik = vjk for all5or Pythagorean 35



k, i.e. if the points σi and ρj 
oin
ide. Then xij assumes a maximum value. Itfollows that the nearer the points σi and ρj , the greater the value of xij will be,i.e. 
lose points σi and ρj signal a high 
onfusion probability for si with sj (where,however, �nearer� should not be related to distan
e; the distan
e between a �row�(= stimulus) and a �
olumn� (= response) point ist not de�ned!). If the subje
tslearn to identify the stimuli 
orre
tly we would therefore expe
t in parti
ular thepoints σi and ρi to be 
lose ea
h other.A 
omparison with (3) shows that dual s
aling will, under the spe
i�ed 
onditions,even yield estimates of the E(x|si). Let E(x|si) = µi and suppose further that µi = αφi,
φi a measure of the physi
al 
omponent with respe
t to whi
h the stimuli di�er, and α aproportionality 
onstant. For instan
e, let the patterns be Gabor pat
hes di�ering onlywith respe
t to the value of the 
arrier frequen
y f , then φi = fi for the i-the pattern.If the distribution is Gaussian and the value of σ is of the right order, we should thenexpe
t a linear relation between the ui and the fi. This is pre
isely what we observed.So dual s
aling or 
orresponden
e analysis 
an, under suitable 
onditions, o�er morethan just a graphi
al summary of the data in a 
onfusion matrix. There is good reasonto assume that the 
onditions under whi
h (11) holds are met also in the experiment
onsidered in this paper, sin
e the di�eren
es between the radii of the dis
s are rathersmall. However, the stimulus patterns di�er with respe
t to more than a single phys-i
al dimension sin
e they are 
omposed of two dis
s. Sin
e CA may be 
onsidered ageneralised version of dual s
aling, automati
ally 
atering for the 
ase of more than asingle s
ale with respe
t to whi
h the stimuli and the responses have to be 
hara
terised,CA will indi
ate to what extend a se
ond dimension will be required to 
ater for thedata. The question is whi
h stimulus dimensions the latent dimensions provided by CAa
tually represent.Let us assume that x = (x1, x2)

′, i.e. that the sensory representation of the patterns
an be des
ribed by two stimulus dimensions. In the simplest 
ase, x1 will represent thesize (radius) of one dis
, and x2 the size of the other. Sin
e the pattern and therefore the
ombination of the 
omponents (the dis
s) follow ea
h other in an experimental sessionindependent of ea
h other, the x1 and x2 may also vary independent of ea
h other. Thesizes of the greater (the �outer�) dis
 will be easier to di�erentiate than the sizes of thesmaller (the �inner�) dis
, so we may expe
t that the �rst latent dimensions represents
x1, a

ounting for the larger proportion of the inertia χ2/N of the matrix, and the se
ondwill represent x2.This need not be so, however. x1 and x2 may indeed be the representations of theindividual dis
s, but the subje
t may judged a

ording to the value of 
ertain fun
tions
y(x1, x2) of xk, k = 1, 2. For instan
e, the subje
t may respond a

ording to the valueof y(x1, x2) = x1/x2. This is not intended to mean that the subje
t a
tually 
omputesthese quotients, there may exist some neural me
hanism with an output representable36



by x1/x2. Another aspe
t may be the impression of brightness of the pattern. Thebrightness will be a fun
tion of the radius of the �inner� dis
; yet another variable uponwhi
h the de
isions may be based is the energy of the stimuli.There are many fun
tions of the immediate sensory representation upon whi
h thede
isions depend. To demand that methods like dual s
aling or CA provide an immediatea

ess to the variables subje
t employ in order to arrive at their de
isions would be askingtoo mu
h. However, as long as the ui and the E(y|si) 
an assumed to be proportionalto ea
h other, where x has been repla
ed by y in order to indi
ate that the s
ale valuesmay depend upon some fun
tion of the immediate sensory representation, one 
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