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Abstract: Even when the main interest is in the sensory processes, the process of iden-
tifying a visual pattern under threshold conditions is determined by the way sensory
and decision processes are interlocked. Important work concerned with these questions
was done by e.g. Ashby and Townsend (1986) and Kadlec and Townsend (1992), who
investigated the conditions of sampling independence and perceptual and decisional sep-
arability as tests for perceptual independence. These tests are computationally involved
and the question is whether there exist simpler, more direct procedures allowing to test
for sampling and perceptual independence. Here, methods of Dual Scaling and in par-
ticular Correspondence Analysis (CA), applied to confusion matrices, are suggested. CA
of confusion matrices yields scale values for (i) the stimulus patterns, and (ii) for the
responses. It will be argued that to the extend the sensory activity, generated by show-
ing a stimulus pattern, can be represented by a random variable, the scale values of the
stimuli will provide estimates of the mean values of these random variables, relative to
their variances, an the scale values of the responses provide information about possible
response biasses. The argument carries over to data from discrimination experiments;
however, in this paper only data from identification experiments will be considered.
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1 Introduction

Data from discrimination and identification experiments may provide insight into percep-
tual, in particular into coding processes. In order to explain errors in discrimination and
identification judgments one usually assumes that the sensory representation of a stim-
ulus pattern is, under the conditions of the experiment, noisy so that for nonidentical
stimuli the overlap of the corresponding representations may turn out to be sufficiently
large to generate wrong identity responses (confusions”). The subject will, in some im-
plicit way, set up boundaries allowing the classification of sensory representations. The
responses will be biased if these boundaries are chosen sub-optimally.

Discrimination and identification experiments have a long history; Townsend and Lan-
don (1983) provided an overview over available models in particular of the identification
process. Ashby and Townsend (1986) discussed the notion of independent processing
of features or stimulus dimensions, and Townsend and Ashby (1982) provided experi-
mental tests of identification models. Nosofsky (1986) discussed the generalisation of
identification processes to categorisation processes, a topic further investigated by Caelli
et al. (1987), Rentschler et al. (1992), (1996) and Jiittner et al. (1997). Balakrishnan
and Ratcliff(1996) and Balakrishnan (1998) suggested that comparisons are made by the
subject with respect to a subjective likelihood ratio, and provided data that comply with
this model (Balakrishnan, 1999); his results suggest that response bias has an effect on
the encoding distributions, but no effect on the decision rule. This finding may be in-
terpreted within the framework of models assuming processes of information integration
(Busemeyer and Townsend, 1993; Diederich, 1997; Link and Heath, 1975). While these
approaches are of high interest, a much simpler (but not necessarily better) ansatz will be
made in this paper: it will be assumed that the subject evaluates the difference between
the sensory activities, expressed as the difference between the corresponding random
variables. It turns out that data from different experiments appear to be compatible
with this approach.

One way to characterise the sensory activity is to specify a a random vector X =
(z1,...,25), where the components z;, 1 < ¢ < s are random variables representing
aspects of the neural activity that make up the sensory activity or representation. Given
the x; are normally distributed, they are specified once their means and variances are
known. If s = 1 a measure for the sensitivity to a pattern is d’ = (usp — fn)/0, where
lsn is the mean when the pattern is presented, and p, is the mean when no pattern
is presented, and o is the standard deviation of X, assumed to be independent of the
actual presentation of the pattern (Tanner and Swets, 1954). d’ is independent of the
boundaries and thus a measure of sensitivity that is free of bias (provided the equal-
variance assumption is correct).

A violation of these assumptions may lead to misinterpretations of the data (Maloney
and Thomas, 1991); however, an explicit test of the assumptions is usually rather time
consuming. Thus it is useful to have some method that yield measures that are, on
the one hand, equivalent to d’ and that, on the other hand, are not based on particular
assumptions concerning the distributions.

It will be argued that the application of Correspondence Analysis (CA) to discrimina-
tion and identification data provides such a measure, and additionally allows to evaluate



possible response biases. CA belongs to the class of Dual-Scaling-methods. These meth-
ods allow to compute scale values for the row and column categories of a contingency
table. The scale values refer to at least one (latent) dimension or attribute that is
common to both sets of categories, which may therefore ”"explain” the possibly existing
dependencies among row and column categories.

The calculation of the scale values does not require a specific assumption about the
conditional distributions of X. The only assumption that has to be made refers to the
way the subject utilises the sensory information in order to make a judgment.

2 Models of the identification process

2.1 The structure of the experiment

Let S = {S;|1 <i<I}and T = {T}|1 < j < J} be two sets of stimulus patterns, with
S C T, implying I < J. For the special case S C T one has I < J, i.e. there exist J — I
patterns T; that are not identical to any element S; in S. All patterns T} are defined
such that, under given experimental conditions, they are confusable with at least some

S; €8.

Let n;; be the number of times S; has been judged to be identical with T}; the n;;
can be summarised in a table of the form The table will be referred to as a confusion

Table 1: Data: form of a confusion matrix

L T, - 1y S

S ni1 ni2 e Ny i+

Sa | mnor ma2 -+ mag || noy

Sr|nn npp - nrg || nug
(X [ng nye - ngg [ Ny |

matrix. In the following, I = J, so there is no classification of the stimuli.

2.2 Models, in particular the GRT

One may distinguish different types of models of pattern identification:

1. Template matching as holistic identification: The pattern is detected as a
whole. Special models focus on the notion of a matched filter and the maximisation
of cross correlations, e.g. Hauske, Wolf and Lupp (1976), Burgess (1985) and
Meinhardt and Mortensen (1998),

2. Component Identification: Here the stimulus is identified according to the clas-
sification /identification of its components. A special case are stimuli defined by a
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single parameter. The components may again be identified via template matching.

3. The role of stimulus environment: A general question is wether lateral, ir-
relevant stimulus components play a role. No explicit models will be discussed,
although the effect of such components can directly be investigated.

Neural activities: Let N; be the neural activity generated by the presentation of
the stimulus S;. The following characterisation of N; follows the notation of Ashby
and Townsend (1986). It will be assumed that in a given trial, N; can be represented
by a random vectors &;. The components of these vectors reflect aspects of the neural
activities, in particular aspects representing the components of the stimuli that are varied
among the stimuli: for instance, the stimuli may be defined by two components A and B,
e.g. S; = A;By, where A; and By, are the j-th and k-th level of A and B, respectively.
Then Z; = (x;1,2:2)’, and x;; and x;5 represent the perceptual effects generated by A;
and By. fi(x1,z2) is the distribution of the perceptual effects.

It is conceivable that even if the stimuli are defined as in what Ashby and Townsend
call a Complete Identification Experiment (see, however, Karlec and Townsend (19xx)),
i.e. if the stimuli are defined as Ay By, A1 By, As By and AsBsy, suggesting a component-
wise identification to the subject, the subject my process the stimuli in a holistic manner,
so that decisions are made with respect to a single random variable, &; = x;. Template
matching would be an example for this, and X; could be some measure of overall sim-
ilarity. This may be seen in context with respect to the separability versus integrality
dichotomy (see below).

General Recognition Theory (GRT) The GRT may be taken as a general framework
to discuss the questions arising from identification experiments. General notions here,
special notions for 2-dimensional stimuli later in the corresponding section.

1. Physical dimensions: X, Y physical measures of components. Single component
stimuli: X ..., X4 values of the parameter with respect to which the stimuli differ
(example: spatial frequency parameter).

2. Perceptual dimensions: z1, xo, as above.

3. Decisional dimensions: r(z1,22) response function for the selection of a par-
ticular response on the basis of x1,x9; R,.(x1,x2) the global response function for
performance over the course of many trials (d’, or x?).

4. Response a;by to stimulus A;By.

5. Density functions: In the GRT, the densities will be assumed to be Gaussians.



3 Representation of stimuli and responses by scale
values:

3.1 Holistic decisions or single component stimuli

Suppose the stimulus is evaluated with respect to a single random variable, so that
Z; = X;. It will be assumed that the subject decides for the response Tj if X; € Aj,
where A; C R is a set characteristic for S;. Let A be the union of the ranges A;:

A=J4;, A4 =0, 15 # ] (1)
Vi

The aim is to represent the S; by scale values a; such that the «; reflect the average
perceptual effect of the corresponding S;. Similarly, each response may be represented
by a scale value 3;. The general definition of the scale values will be introduced first; the
interpretation in particular of the relation between the «; and the corresponding (; will
be discussed later.

Definition 3.1 Let X be the random variable representing the activity (the perceptual
effect) generated by a stimulus. Then

To prepare the definition of the scale values for the responses, the definition of a; will be

re-written. If S; is presented, one may simply write X; instead of X under the condition
of S;, or f;(X), where f; is the density of X given S; was presented. So

ai= [ Xfxisiax = [ xp(odx. 3)
A A
Because of (1), one may write

ai=Y /A (X)dX. (4)

Writing X; instead of X in order to indicate that X is considered given S; was presented
one may define

B(X; e 4) = [ fi(x)ax, (5)
Aj
so that one has J
(67} :ZE(Xz GAj). (6)
j=1

One may then introduce the definition

Definition 3.2 The scale value [3; for the response T is given as the sum of expected

values
I

Bi = _E(X; € A;) (7)

i=1



Comments:
1. Relation between definitions: Formally, the definitions of a; and 3; differ with
respect to the summation: «; is the sum of expected values E(X; € A;) over the

responses T, while §; is the sum of the expected values E(X; € A;) over the
different stimuli S;.

Figure 1: Densities over the interval [g2, g2); Gaussian distributions (IV), see Fig. [5]
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2. Relation between scale values: Let us briefly consider the relation between the
a; and §;. A sufficient condition for a; — E(X; € A;) and consequently §; — «; is
E(X; € Aj) — 0 for i # j. This condition may be relaxed; one will observe o; = (3;
if ny; > nyj, 1 # 7 and if the n;; decrease with decreasing similarity of S; and S,
i.e. with increasing difference of the parameter defining the difference between S;
and S;. See also role of decision boundaries.

3. Choice of variables: So far, no further specification of the random variables
X; has been given, other than that they represent the "perceptual effects” or the
“neural activities” generated by the stimuli. For certain stimuli, e.g. ones that are
composed of line elements (Townsend and Nosofsky ?), one may simply assume
that X represents the activity of a line detector. For other stimuli, there is no
such straightforward interpretation, for instance when stimuli are defined by the
superposition of two "discs” of different radii, of by the superposition of Gabor
patches defined by different spatial frequency parameters. One may assume that
the subject searches for aspects of the neural activity that allow to discriminate best
among the stimuli. This assumption underlies the approach adopted to estimate
the a; and (3, described in the following section. It turns out that to estimate
these values, the A; do not have to be estimated; however, since the values of 3;
depend on their definition, one may refer to the A; when it comes to interpretate
the estiamted [3;-values.



3.2 The estimation of scale values

The scale values a; are defined as expected values, and so one may try to estimate them
by the arithmetic means of the X;. Unfortunately, the X; are not observable. However,
given the assumption |3 above, one may arrive at estimates of these arithmetic means.
To this end, the assumption has to be cast into a form that allows such an estimation.
One possibility of achieving good discriminations is to choose the X; in such a way that
differences among the «;, i.e. the variance of the a; ("between” variance), is maximal
relative to the variance of the X; ("within” variance). As in discriminant analysis, one
may therefore estimate the «; by (i) decomposing the total sum of squares SS;,; of the
X, into components 5SSy representing the "between”, and S.S,,, representing the "within”
variances, and (ii) find estimates a; of the «; by maximising either the quotient SS;,/SS,,,
or the quotient p?> = SS;,/SS;,t. The latter quotient, p?, is the correlation quotient
introduced by Guttman (1941). The estimates of the scale values turn out to be equivalent
to those arrived at by employing Correspondence Analysis; however, in contrast to the
maximisation of p? the derivation of Correspondence Analysis does not refer explicitly
to the X;. Therefore, the maximisation of p? will be briefly indicated; the approach has
been exposed, in a different context, by Nishisato (1980). Correspondence Analysis (CA)
will be introduced more explicitly since it arrives at scale values for a; and 3; and at
the same time relates them to y2-components, thus facilitating the interpretation of the
results, and will therefore actually be employed to analyse the data.

3.2.1 Estimation I: maximising the correlation ratio

To begin with, suppose that each of the stimulus patterns S; is presented n times. Let
1;; be the set of integers indexing the trials when the response to S; was Tj, so if k € I;;,
then in the k-th trial the response T} was given to S;; the neural activity generated by the
presentation of S; can then be characterised by z;, and of course k < n. Let n;; = ||,
i.e. the response 1 was given altogether n;; times when S; was presented.

Let

Tyj = — Tik, (8)

J

_ 1 _

Tiy = > nigEi, nir =) ng (9)
it =1 j

1 I
Tyj = — E NijTij, Ny = E Mg (10)
i i i

The means z;4 and 4 could be taken as estimates of a; and 3; if the x;;, were observable.
Since the x;; cannot directly be observed, some restrictions have to be introduced. Let

1 J
a; = j;fija (11)

and suppose z;;, in (8)) is replaced by a;, i.e. by their mean value as a least square approx-
imation, taken with respect to the response alternatives 7;. Then Z;; is approximated

8



R 1 B N Qs B
Ti; = — a; = kg Q. (12)
J
TL,L'j TL,L'j
kel

Replacing Z;; by the approximation Z;; in (9) and (10) gives

i’i+ — "jij — Qi = Qj (13)
=1
I
a 1 P 7
Tj = anﬂfu = Z”ijai = bj, (14)
i = i o1

i.e. a; is an estimate for Z;; and therefore for a;, and Bj is an estimator for z,; and
therefore for f3;.

To arrive at an explicit expression for the estimation of the a; and l_)j the substitution
of a; for xz;; introduced above will be formulated formally in terms of a mapping s:
Zik — G, i.e. sis a function of x;, such that s(x;,) = a; for all j if k € I;;. Since x; is
a random variable, s(x;;) will be a random variable as well, so it makes sense to define
means and variances for s. Writing s;; instead of s(x;;) for short, one has

Z Z Sik = —— Zm]az (15)

i=1 kel;;

Z

5; is the mean of the s;, over all ¢ for a given T;. Because of (14),
5; =, (16)

The overall mean of the s;;, is given by § = 25:1 25:1 > ke, Sik/N. The total variance

of the s;
J N4y

SSiot =Y > (sik —3)°. (17)

j=1k=1

As is well known from the analysis of variance, SS;,; can be decomposed into a ”"within”-
component and a "between”-component:

J M4y
SSiot = ZZ(SM — §j + §j —5)2
j=1k=1
J N4y
= Z Z Szk — Sj + anr i (18)
j=1k=1
— =88, + 58S, (19)

The first sum on the right of (I8) is the "within”-component (SS,,), and the second is
the "between”-component SS,. SS;,; depends on the scale values a;, as is clear from
the definition s;; = a; and from (15). The a; may now be estimated by maximising S.Sj,
relative to the value of SS;,;, which implies that S.S,, will be minimised relative to SS;.;.
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Without loss of generality one may put s = 0, so that

J N4

SStot = ZZS”‘” SSbt = an+8 . (20)

j=1k=1
Let K = (n;;) be the matrix of confusion frequencies (as given in Table I)). Further, let
D,s = diag(ni4,n24,...,n1y), Des =diag(ngi,nia,...,nyy). (21)

be the diagonal matrices of the row- and column sums, respectively, of K. Let a =

(@1,...,a;)" and b = (by,...,bs)". In terms of these vectors SS;,; can be expressed in
the form
5,30 3 = Yt a0 @
i=1 k€l

and making use of (15), one gets
s5-3 ]

Guttman’s (1941) correlation ratio is then given by

Zn”ai =a'K'D;Ka. (23)
'le_ -

, 5SS, aK'DlKa
B SStot B élDrsé ’

To illustrate the meaning of p?, consider the following cases:

1. p? — 0if SS, — 0; so a small value of p? means that it is difficult for the subject
to discriminate between patterns, since S.S;, — 0 means that the differences s; — §
are small compared to the s;; — §;, meaning that the S; are perceived as being very
similar. The similarity of the S; will therefore be reflected by scale values for the
S; that are close together.

2. p? — 1for 8S, — SS;0:, meaning that the s;, — 5; are small compared to the 5; — 3,
so the S; can well be discriminated, and the a; are well separated.

The estimated values for the a; and l_)j may be conceived as components of the vectors
a=(a1,...,ar) and b = (b1,...,bs)". One finds then

Theorem 3.1 p? is mazimal relative to the value of SSio if A = a, satisfying the equa-
tion

D )KDK'a=pa, p=ph, (25)
i.e. a is estimated by the eigenvector a of the matriz D, KD_ 1K', and the correspOnding

eigenvalue p equals p?. b = (by,...,by)" is given by (16), i.e. by b; = Zz 1 Mija [Ny,
j=1,...,J.

Proof: see the Appendix, section[7.2. |
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Remark: There may exist more than a single eigenvector a satisfying (25). The addi-
tional eigenvectors may reflect the fact that the subject makes use of more than a single
aspect of the neural activities representing the patterns. This possibility will be dis-
cussed below in context with solutions arrived at by employing Correspondence Analysis
in order to find the estimators a and b.

Interpretation of the scale values: The a; were introduced first as estimates Z;
for Z;;, see , and thus represent mean values, without reference to the variances of
the random variables representing the neural representation. The estimates , on the
other hand, are defined relative to the variation as defined by SS;.;. The difference
a; — ay will be "small” when the difference between the corresponding means is small
relative to the variance of the distributions, and "large” when the difference between the
means is large relative to their variances. It will be demonstrated in section 7?7 that
unequal variances may lead to a lack of proportionality of the a; to the Z;4.

3.2.2 Estimation II: Correspondence Analysis

Let again K = (n;;), i,j = 1,---,m be a confusion matrix; n,; is the frequency with
which the stimulus pattern S, is confused with stimulus S; (indicated by giving the
response R;). Let n;; and ny; be defined as before, and let N = Z” Nij. NipNayj/N is
the expected number of confusions of S; with S, provided the subject judges randomly.
Let

Ni; — ni+n+j/N

Vnisng; /N

x;; are called residuals, or or weighted residuals. Obviously, the residuals z;; reflect the
dependencies among stimuli and responses. Certainly,

=33, (27)

Let pij = 45/N, r; = ni /N, ¢; = nq; /N, and

(26)

LL‘ij =

tij =

Pij — TG
—— =x;;/VN, 28

then
2 I J
Loyya )
i=1 j=1

x2/N is called the inertia of the confusion matrix, denoted by In(K), i.e. In(K) = x?/N.
In(K) (and, analogously, x?) can be written as the sum of components characterising
either the patterns S; or Tj.

J I
Ini(K)=x7}/N =Y %, Inj(K)=x3}/N=>Y t. (30)
=1 i=1

11



Certainly, In(K) = >, X;/N = >, x7/N. The scaling provided by CA can be inter-
preted with respect to inertia (equivalently: x2-) components.

In the context of CA, the inertia instead of the x? will be considered in the following,
in particular since statistical packages refer to the inertia rather that to the x? (e.g.
STATISTICA).

Spatial representations and inertia decompositions: Let r = (ry,...,r;) and
D, = diag(ry,...,rr) the diagonal matrix having r; in its diagonal, with r; = n;+ /N,
niy = Zj n;j. Analogously, ¢ = (c1,...,¢cy)", ¢;j = >, ny/N and D, = diag(ci,...,cy).
Let T' = (t;;) be the matrix of ¢;;-values; note that according to (28),

T =D;Y2(P—rd)D;Y/2 (31)

As is well known from linear algebra, the column or row vectors of T' can be represented
as linear combinations of some orthogonal basis vectors of the I- or J-dimensional vector
space, respectively. The Singular Value Decomposition (SVD) provides such basis vec-
tors, which turn out to be related to the vectors a and b of scale values as characerised
in Theorem [3.1.

Theorem 3.2 The SVD of T is given by
T = UAY?V', (32)

with U the matriz of normalised eigenvectors of TT', V' the matriz of normalised eigenvec-
tors of T'T and A'/? the diagonal matriz diag(v/A1,...,VAs), Ak, 1 <k < s <min(I,.J)
the nonzero eigenvalues of TT' and T'T.

Proof: see Appendix, section

Comments: Let u;;. be the i-th component of the k-th column vector of U, and let
vji be the j-th component of the k-th column vector of V. The w;; or u;rv/Ay may be
taken as coordinates of a point representing the pattern S; in an s-dimensional space
R® whose axes (possibly) represent some aspects of the neural representations N; of .S;.
Analogously, the v;j, or vjkm may be taken as coordinates of a point representing 77 in
R?. The simultaneous presentation of S;- and Tj-points is known as biplot, which reflects
structural relations between the S; and the 7). The interpretation of the biplot will be
based upon the distances between the S;-points on the one hand and the T)-points on
the other. However, the choice of the coordinates determines a particular metric, and
the interpretation will therefore be influenced by the particular metric; an appropriate
re-scaling of the coordinates may thus lead to better interpretations. |

Definition of scale values: The coordinates of the .S; and 7T} are defined as follows:

F = DY2UAY? (33)
G = D;YPVAY? (34)

(Greenacre, 1984, p. 89). The element f;; in the i-th row and k-th column of F is the
coordinate of a point representing S; on the k-th axis. Analogously, the element g;i of G

12



is the coordinate of the point representing 7; on the same axis. The coordinates F' and
G turn out to be equivalent to those found by maximising the correlation ratio p?. Note
that between the f;; and the u;; the following relations exist:

VN e /T
f'Lk: = Uik \/Fi, Uik = fzk m? (35)
V Ak VS
o = vip Yk Vi = i . 36
9jik ik \/a Jk gjkm ( )

Relation to the square p? of the correlation ratio: The following theorem shows
that Correspondence Analysis is equivalent to maximising p?, as discussed in section
3.2.1

Theorem 3.3 The F and G, as defined in (38) and (34), satisfy the following eigenvec-
tor equations:

(D,*PD;'P")F = AF (37)
(D;'P'D'P)G = AG. (38)
Proof: The proof may be found in section [7.4 of the Appendix. O

Remark: Starting from the SVD makes it difficult to see how the scale values,
given in the matrices F' and G, relate to the mean values of the underlying distributions
of the criterion variable n. The relations become obvious noting that the equations
and (38) correspond to (25) of Theorem[3.1. It follows that the scaling provided by CA
is equivalent to the obtained when the correlation is maximised. Note that the equations
(37) and (38) result from a rescaling of the eigenvectors in U and V, as given by the
SVD (32), which is basically a principal component analysis (PCA) of the matrix T
of residuals. The equivalence of these equations with thus establishes a relation
between PCA and Discriminant Analysis.

Relation between inertia components and spatial representation: To see how the
spatial representation of the S; and the T relates to x? or inertia components let us first
look at the ¢;;: According to (32), the element t;; of T is given by t;; = Y, wirvjrV/ k.
Then t?j = u?kv?k)\k + 2 pskr WikVjkUik Vjky Ak, and

XP/N =D M =1: Y fh, (39)
k=1 k=1

because of (35) and because ) _ ; v%, = 1 (the vectors in V are normalised), and > VjkVjkr =
0 (the vectors in V are orthogonal). Analogously, one finds

X?/N = Z%Q'k)‘k =cj Zg?k. (40)
k=1 k=1

13



Ini(K) = x}/N is the inertia component due to the pattern S;, and In;(K) = x3/N is
the inertia component due to the pattern 7j.

As an immediate consequence of (39) and one has

I s I s
PIN =D XG/N=> N> uf =Y M, (41)
i=1 k=1 =1 k=1

since the eigenvectors are normalised, i.e. >, u? =1, so that

Ak

/N (42)

T =
is the proportion of the total inertia due to the k-th latent dimension; this corresponds to
the role of the Ay in in an ordinary PCA, where the eigenvalues Ay reflect the proportion
of variance explained by the corresponding dimension.

To see how the spatial representations of the S; and 7} in the biplot relate to the
inertia components, let us consider the point of S;, say. The coordinates of this point are
given by fi1,..., fis. The square of the Eucledian distance from the origin to this point
is given by

d? = Z i2k7 (43)
k=1

so that, from (39),
Xi/N = rid3, (44)

and, analogously,
X?/N = de?7 (45)

where d; is the distance from the origin of the point representing 7. The distance
between two points, one for S; and the other for S/, is given by

S

&y =Y (for = fin); (46)

k=1

there is, however, no simple relation to the inertia of K. The distance between two points
representing T} and T} is defined analogously.

Scale values and inertia components: Consider the vector from the origin of the
coordinate system to the point representing S;. The vector has length d;, and according
to (44), r;d? = x?/N. The projection of d; on the k-th axis equals, by definition, f;i, see
Fig. [2, and one has

di. COS 191‘].3 = fik:~ (47)

It follows that then cos®¥;, = f7 /d?, and multiplying and dividing the right hand side
by r; yields
2 2
2 rifik rifik
O = Lidik _ Tidik_ 4
COSVIRT a2 T Ing(K) (48)
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Figure 2: Projection of S; on k-th axis

origin ik k-th axis

But r; f3 is the contribution of the k-th dimension to In;(K), the component of the inertia
(x?) due to S;. Therefore, cos?y;; measures the contribution of the k-th dimension to
In;(K), i.e. to the inertia or x2-component generated by S;.

The interpretation of cos® ¥, = c¢;g3,/In;(K) is analogous: this value reflects the
contribution of the k-th dimension to the inertia or x?-component due to T;.

x2-distances and differences between scale values: The distance between two
points respresenting two stimuli is meant to represent the subject’s ability to discriminate
between these two stimuli. It is plausible to assume that the discriminability does not
only depend upon the difference between the expected values of the random variables
representing the sensory activities resulting from the stimulus presentations, but also
upon their variances. The variances determine the distribution of frequencies in the rows
representing the stimuli. The more similar the frequency distributions of two rows, the
more difficult it will be to discriminate between the corresponding stimuli. The relation
between distances and variances turns out to be of importance for the interpretation of
the results of a correspondence analysis. This leads to the following definition:

Definition 3.3 Consider the rows corresponding to the stimuli S; and Sy . Let
T 1 i Pir 2 T o1 e s\ 2
52, — = (U _ H) — = (w _ H) ) (49)
i J—; Cj Ti T ; n.; n;. Tir.
62, is called the x*-distance between the stimuli S; und S;:.
L Pii Pii 2 Lol Ve e \2
52, — (J_J> _ (a_J) 50
JJ 1:21 T3 Cj Cjr z:zl n;. n.j n.g ( )
is called the x*-distance between the responses (column categories) R; und Rj:.
62, will be small if n;; /n;. & ny;/ny. for all j; since all stimuli occur with equal frequency,
ni. = nir., so 6%, will be small when n;; &~ n;; for all j, i.e. when the frequency
distributions of row 7 and row ¢’ are sufficiently similar. In this case the differences
between the two distributions do not contribute much to the y2-value of the confusion

matrix. The following theorem establishes the relation between a y2-distance and the
corresponding Eucledian distance:
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Theorem 3.4 The relation between the Euclidean distance d;;; and the corresponding
x2-distance 6 is given by

diyr = 40 (51)
Analogously one has for the responses

djjr = djjr- (52)
The proof is given in section [7.5]of the Appendix. O

So the value of d;;; reflects the amount as to which the differences between the con-
fusion frequencies for stimulus S; and those for S;; contribute to the overall-y? of the
confusion matrix. d; is thus a measure for the ability of the subject to discriminate
between S; and S;;. If only a single dimension is relevant to explain the confusion, i.e.
if the subject refers to a single decision variable, then the differences between two scale
values - one for .S; and the other for S; - reflects the ability to discriminate between S;
and S;/, and since the scale values are meant to be proportional to the expected values
of the decision variable, given a particular stimulus was shown, d;;; is thus a measure of
sensitivity equivalent to d’; see section ?? for a more explicit discussion of this point.

Relation between the S;- and Tj-points. The relation between the points for the
S; and those for the Tj are, of course, also of interest. However, this relation cannot be
discussed in terms of distances, since the distance between the point representing 5; and
the point representing 7T is not defined. Instead, the relation between the coordinates F'
and G is given by the following theorem:

Theorem 3.5 The relation between the coordinates F' of the S; and G of the Tj is given
by the equations

F = D 'PGAY2 (53)
G = DI'P'FAY? (54)
Proof: The proof may be found in section[7.6 of the Appendix. O

To illustrate, let us consider the relation between scale values of T7,...,T; and and

S1,...,57 on the k-th dimension; one gets the equations
g = P11 fik 4 P2 for pr1 frx
= — 21 S 2L IR
a VA VA €1 VA
P fik | P2 Ju P12 S

= + + +
92k e Tk- 5 Tk- . Tk

(55)
pis Jie | P2 Sk P Jw

‘ £1J 4. .
97k Cj VA Cj VA Cj Vg

So the scale value g;i, of T on the k-th dimension may be seen as a sum of the "weighted”
fik- One may ask when the point for 7} is near the point for S;. This will be the case

16



when fi, = g;i for all k, that is if the fi; and the g, have similar values for all k. A
sufficient condition for f;; and g;; to assume similar values is that p;; is large compared
to the values of p;;-, j # j'. Soif S; is in particular identified with T} then the points for
S; and T; will be close together.

4 The 1-dimensional case

4.1 Numerical evaluations

The definition of the scale values «; and 3; was made without reference to a specific type
of density for the random variables X;, ¢ =1,...,I. In order to find out to which extent
the CA of a confusion matrix yields estimates of the a; and (;, specific assumptions
have to made. With reference to the General Recognition Model of Ashby and Townsend
(1986) it will now be assumed that the densities are Gaussian. However, the Gaussian as-
sumption does not appear to be necessary; it will be demonstrated that densities differing
considerably from the Gaussian in shape also yield, under certain mild side conditions,
scale values that are just linear transformations of the expected values.

Gaussian densities: The mean and the variance of a distribution may depend upon the
individual stimulus. So one may have equal and unequal spacing of expected values, and
equal or unequal variances, so there are four different classes of density configurations to
be considered. The following table contains a characterisation of the considered cased
with respect to the expected values and the variances. The labels A to B refer to a

Table 2: Means and variances for density configurations

Label | u; (I) standard deviations o wi (IT)
A 350 | .090 .100 .025 .040 .090 .350
B 450 | .090 .075 .050 .090 .040 375
C 550 | .090 .050 .075 .040 .090 | .475
D .650 | .090 .025 .100 .090 .040 | .750

configuration of densities as given in Fig. [3]for equally spaced mean values (u;, (I)), and
Fig. [4] for not equally spaced mean values, (u;, (II)). The entries between p;, (I) and
i, (IT) provide the standard deviations for the corresponding configuration of densities.
Figures|3/and [4 show the configurations A to B together with the corresponding plot of
scale values on the first dimension and expected values p;.

The cases (D) and (E) represent two configurations where the standard deviations do
not increase or decrease with p;. The nonlinearity of the relation between scale values
and expected values comes in only when a density with a (sufficiently) smaller standard
deviation is followed by one with larger one, i.e. (D), or when a density with a larger
standard deviation is followed by one with a smaller standard deviation, i.e. (E). If the
differences between the standard deviations are not sufficiently large, the configurations
(D) and (E) may well yield linear relations between the scale values and the ;.
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Figure 3: Gaussian densities, equal spacing of expected values ((al) to (el)), and corre-
sponding plots of scale values for stimuli versus expected values ((a2) to (e2)).
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The bottom part of Table [2 gives the parameters for not equally spaced expected
values. In Fig. [4 The case (al)(unequally spaced expected values, equal standard
deviations) is of interest because it shows that equal variances do not yet imply that
the scale values are a linear function of the expected values. The difference between
two scale values depends upon the difference of the corresponding expected values as
well as upon the amount of overlap of the densities, i.e. upon their standard deviations.
The relation between expected values and scale values is positively accelerated, meaning
that the difference between two scale values is a nonlinear function of the corresponding
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Figure 4: Gaussian densities, unequal spacing of expected values ((al) to (el)), and
corresponding plots of scale values versus expected values ((a2) to (e2))
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difference of the expected values. This comes about even more pronounced when the
standard deviations decrease with increasing difference of the expected values, see the
case (b2). Conversely, if the standard deviations increase with increasing difference of the
expected values, the acceleration of the scale values may be reduced to a mere linearity,
as demonstrated in (¢2). The interpretation of (d1), (d2) and (el), (e2) is obvious.

To summarise, a linear relationship between expected values and scale values does
not necessarily imply that the variances of the underlying distributions are about equal;
provided the variances do not co-vary with the expected values and do not differ too
much from each other, the relation may turn out to be linear, although the values of
r? as given in Fig. |6 may not turn out as high; still, the cases (d2) and (e2) in Fig. |4/
yield a value of r? = .971 each. In general, lower values of 72 in case of an overall linear
appearing relationship will indicate variances that do not vary systematically with the
expected values.

Apart from the means and variances of the underlying distributions the decision
boundaries have to be chosen. It has been assumed here that the subject tries to decide
optimally, meaning that the boundaries are chosen appropriately, i.e. such as to minimise
the number of errors. The question is, how the subject proceeds to find them. This
question is not explicitly dealt with in this paper. To compute the confusion frequencies,
the boundaries were assumed to be given by the points z,; at which two neighbouring
densities have identical values, i.e. fi(zoi) = fiy1(2oiy, @ = 1,...,I — 1, except for the
densities in Fig. [5, where the boundaries were assumed to be given by (u; + piy1)/2.
Generally, these two types of boundary definitions yield confusion frequencies differ only
to a negligible amount, and the coordinates for the responses 7; are almost identical to
those of the stimuli. In other words, there is no bias in the decisions. This corresponds
to the findings for simple patterns, reported in section[4.2.1l For more complex patterns,
a bias may exist.

The beta case etc In the Gaussian case one has

fi(z) = aijﬂ exp <_W> . (56)

?
Since neural activity can vary only within finite limits it will be of interest to consider
an alternative to this assumption. Here, the Beta-distribution will be investigated, nor-
malised such that the random variables all vary on the interval [0, 1],

1

The shape of these densities depends upon the values of its parameters; $-densities thus
allow to test the robustness of the estimates of o;; and ;. The expected value and the
variance of a 3-density are given by the following expressions:

N1 -zl o<z <1, (57)

Qi

Pio= (58)
2 a;b;
Z— . 59
i (ai + bi)Q(ai + bl + 1) ( )

The parameters of the Gaussians were chosen from a range of values corresponding to
that of the Beta-densities. The normalisation implies the need to choose the parameters
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Figure 5: Distributions of criterion variable, (a) Gaussian distributions, (b) Beta-
distributions (I)
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from a certain range. The means u; were chosen not to increase in an equally spaced
way, and the standard deviations o; were chosen such that they do not increase with the
;. The parameters a; and b; of the Beta-densities can be computed from (58) and (59),

The expected values p; increased and the variances varied moderately, but irregularly
with u;, see Fig. Confusion probabilities were computed as areas between decision
boundaries under the corresponding densities; multiplied with some sufficiently large
integer (the number of presentations of each stimulus) and rounded the resulting matrix
of confusion probabilities is then turned into a matrix of confusion frequencies which was
then analysed by a CA. Note that only a single latent dimension is employed, so one
would expect that the CA yields a 1-dimensional solution.

Table 3: Confusion frequencies n;;, and scale values, Gauss distributions (I)

’ [ T 15 T3 Ty [ nix [ p] o [ fa |
Sy [ 778 191 29 2 [ 1000 ][ .22 ].023 ][ -1.098
Sy || 169 493 302 37 | 1001 || .45 | .014 || -.221
Ss 90 288 387 236 | 1001 || .55 | .026 || .251
Si 4 45 200 751 | 1000 || .78 | .029 || 1.069
ny; || 1041 1017 918 1026 | 4002

[ gjr [[-1.059 -.0249 293 1.059 | [ x*=3548.69

Further, the scale values f;; for the S; and g;; for the T} on the first dimension, resulting
fro a CA of the n;;. The x*- or inertia component due to the first dimension is only
69.35 %; this result will be further commented upon below. Note that the r2-values for
the regression of the CA-scale values on the p; amount to .99.
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Table [4 shows the results when the distributions are Beta-distributions; the notation is
as in Table[3l The plots of the f;; versus the expected values are presented in Fig. [6,
(b). The values 72 = .998 for the Gaussian case and 72 = .997 for the beta-case indicate
an excellent approximation of the expected values by the scale values in terms of a linear
relationship. This is remarkable insofar as the parameters of the beta-distributions were
not chosen to generate distributions that look "nice”, i.e. look like Gaussians.

Table 4: Confusion frequencies n;; and scale values, beta-distributions (I)

L 17 T T e [[p ][ fa
Sy || 556 168 175 101 | 1000 || 45 | 033 || -.617
Sy | 468 127 170 235 | 1000 | 50 | .063 | -.333
Sy | 174 150 278 398 | 1000 | .65 | .031 | .218
Se | 65 68 169 697 | 999 | .78 | .020 | .733
n,, | 1263 513 792 1431 | 3999

[ gin [ -631 -238 .048 .616 | [ x*=1159.39 |
J

Figure 6: Regression of scale values on expected values: (a) Gaussian distributions (I),
(b) Beta-distributions (I); see Fig.

_10] (@) _ 08 (b)
g Z 061
A 05 A 04
) g 02]
=1 -
500 5 00
Q [5)
505 g 0.2
< <041
U101 3
2 =.998 06 2=.997
1,5 0,8 .

027 03 04 05 06 07 038 o4 05 06 07

08
expected value expected value

Biplots and the number of latent dimensions

Fig. [7, (a) shows the biplot for the confusion frequencies as generated by the Gaussian
distributions. The main feature of the configuration is that S;- and corresponding T;-
points assume very similar positions, i.e. there is a high degree of correspondence between
stimulus pattern S;- and corresponding T;-patterns. The projections of the points on the
first dimension, “explaining” 69.35 % of the total inertia (or x2), are the scale values f;;

and g;1 given in Table[3] There are, however, two points to be discussed with respect to
the biplot:

1. Although only a single dimension (random variable) was used to generate the con-
fusion frequencies, the first dimension accounts for only 69.35 % of the inertia of
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Figure 7: Biplots for the confusion frequencies of Table[3 and[4, as generated by Gauss-
densities (a), and beta-densities (b)
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the data, 29.40 % are due to a second dimension. Indeed, the eigenvalues are
A1 = .615, Ay = .261, A3 = .011, and yields the corresponding percentages of

x? 7explained” by the corresponding dimensions.

2. The plot shows the typical horseshoe effect (Greenacre (1984)): the points repre-
senting S; and the corresponding T; seem to lie on a U-shaped line.

The two points are related to each other. Inspection of the confusion frequencies in
Table [3 shows that the number of correct responses (778, 493, 387 and 751) are always
the largest numbers in the i-th row and the i-th column. The number of confusions
levels off the farther apart S;; from a given S; and T; from the corresponding T;. This
causes the Matrix T = (t;;) (c.f. (28)), to be of full rank and the SVD of T will yield
r = I = J eigenvalues \; # 0. The lesser the number of errors made the more the
confusion matrix will resemble a diagonal matrix and the more will the eigenvalues A,
k > 1, differ from zero, and the more will the biplot based on the first two "dimensions”
resemble a U-shaped or horseshoe like configuration. The eigenvalues Ay, k > 1, therefore
do not reflect a genuine second feature of the patterns, but have to be considered an
artifact resulting from the linear decomposition (32). A more detailed discussion of the
horseshoe-effect in Correspondence Analysis may be found in Greenacre (1984), p. 226.
For the present purposes it is sufficient to note that the horseshoe-effect is indicative of
the second dimension being a negligible artifact.

Fig. [7 (b) shows the biplot for the confusion frequencies generated by the beta-
distributions. Note that here the CA-solution is basically 1-dimensional: the first dimen-
sion explains about 93% of the x? (or the inertia xy2/N) of the Table. Inspection of Table
[4 shows that here the main diagonal does not always contain the largest number in a
given row or column. This fact appears to suppress the horseshoe-effect. Correspond-
ing to PCA-approximations of factor analyses of measurement, the second dimension,
accounting for about 7 % of the inertia, here just reflects random error.

23



4.2 The analysis of empirical data

4.2.1 Gabor patches

An identification experiment was performed employing Gabor patches as stimuli, where
a Gabor patch is defined as

s(z) = exp(—2?/0?) cos(2m fx); (60)

f is the spatial frequency of s, and o2 defines the width of s. Four stimulus patterns were
defined by the spatial frequencies f; = 3.25, fo = 3.75, f3 = 4.25 and f4 = 4.75 c/deg.
The patterns were presented in random order and the subject had to decide which of
the four patterns was presented. There were 11 sessions with 100 trials each, i.e. each
pattern was presented 25 times in a session. Individual CAs were compute for each of
the 11 confusion matrices, giving essentially the same picture, i.e. biplot for each session.
So the data were lumped, i.e. a single CA was computed for the 4 x 4 x 11 matrix.
the results are shown in Fig. [4.2.1] together with the results of the matrix generated by
averaging the confusion matrices over the 11 sessions. Table[5 shows the confusion matrix
resulting from adding the data from the 11 sessions into one matrix, together with the
scale values f;1 for the stimuli, and g;; for the responses. The scale values with respect to
the second dimension have been omitted since the second dimension does not appear to
reflect a second attribute with respect to which the patterns were judged; as the biplots
show, the configuration shows a horseshoe effect (Greenacre (1984), p. 226). Since the
confusion matrix (as all individual matrices) have maximum frequencies in the diagonal
cells the (generalised) SVD of P — r¢’ will indicate at least two, if not three dimensions
underlying the data. The less confusions occur, the more the matrix will become similar
to a diagonal matrix requiring 3 dimensions to represent the data, even if a single latent
criterion was employed by the subject to identify the stimuli. The regression of the scale

Table 5: Confusion frequencies, summed over the 11 sessions; 2 = 922.85 equals sum of
either x? or X?? eigenvalues: A\; = .600, Ay = .208, A3 = .03.

’ [ T 15 13 T, [ 2 ] Xi | fa |
Sy [ 193 74 8 0 275 337.48 -.999
Sy 60 161 51 3 275 115.34 -.395
Sy 14 92 134 31 271 98.85 307
Sy 4 15 102 154 || 275 371.18 1.091
> [ 2n 342 295 188 || 1096
X; [ 33291 126.59 127.73  335.62 x* =922.85
gin | -979  -348 538 1.201

values f;1 on the spatial frequency parameters ¢; of the patterns is perfectly linear, see
Fig. 9] suggesting (i) that the subject identified the patterns indeed with respect to a
single latent dimension x representing the apparent spatial frequency characteristic of a
pattern, (ii) that we may assume that the f;;-values are indeed proportional to the the

LCorrespondence Analysis of the Statistica-package
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Figure 8: Biplots for Gabor patches; (a) different sessions, (b) averaged over sessions
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Figure 9: Regression of scale values of stimuli versus corresponding conditional expecta-
tions
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conditional expectations of the random variables representing the activity generated by
the stimuli, and (iii), with respect to Fig. [3, (A), that the variances of these random
variabes are about equal, meaning that the patterns are about equally difficult to identify.
The data point to the possibility that the spatial frequency parameter appears to be the
relevant parameter in the identification process. One may also think of the subject
concentrating on other features of the pattern that allow an identification of a pattern,
e.g. the position of the luminance maxima; if variables like that are the relevant variables
they have to be such that they are linearly related to the parameter values of the stimuli,
i.e. the spatial frequencies ;.

Note that the y?-values are largest for S; and Sa; correspondingly, X?—Values are
largest for 77 and T4. So the pattern defined by the smallest value of ¢ and that defined
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by the largest value of ¢ generate the largest contribution to the total x2 of the table.
Moreover, if one would plot the x?- or the X?—Values with versus the subscript of either
the S; or the T; one would get practically symmetrical, U-shaped curves. This means
that the x2-contributions are symmetrical functions of the distance from the virtual mean
pattern, defined by a ¢ being the arithmetic mean of the p;, i = 1,...,4. The row of con-
fusion frequencies one would observe if such a pattern had indeed been presented would
correspond to the mean row of frequencies, and the y?-values increase with increasing
distance from this mean. A similar statement holds for the 7} and their Xf—values. This
is characteristic for the results of a CA: the origin of the biplot corresponds to the mean
row and the mean column of the contingency table, and the more a row or a column
deviates from the mean row or column, the larger the corresponding x2-component.

4.2.2 Superimposed Gabor patches with and without flankers

The stimuli are now given by superpositions of two Gabor-functions,
s1(z; f1) = cos(2m f1x) exp(—z2/20?),
with f; = 2 ¢/deg, and
s; = cos(2m fix) exp(—x? /20?%)

and f; =4+ix.1,¢=1,...,4. The stimulus patterns are then S; = s; +s;. The flanking
patches were defined by either one of three possible spatial frequencies fox: fo1 = 3.8,
and fo; = 4.5, and fo3 = 5.0. Figure[10 shows the luminance distributions for the four
stimulus patterns; Figure [I1 shows these distributions superimposed; the overall shape

Figure 10: Luminance distributions of the stimuli
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is obviously very similar, so the subject has to respond to relatively fine differences in
the patterns.

To identify a stimulus the subject just has to identify the partial pattern s;; in this
case the subject can separate the two components s; and s;. However, the pattern S;
may be perceived as a conjunction of the two components, or identify to particular partial
aspects of the patterns, due to specific aspects of the superposition. In the first case one
may predict that the relevant random variable with respects to whose value the patterns
are predicted reflect just the spatial frequency f; of s;, and corresponding to the results of
the experiment reported in section[4.2.1] the scale values for the stimuli, and also for the
responses, should be linear functions of the spatial frequency parameter f;. In the second
case such a linear relationship may not occur. So a linear relationship is compatible in
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Figure 11: Luminance distributions of the stimuli, superimposed
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particular with the first hypothesis, although such a relationship is at least in principle
conceivable with some sort of Gestalt-identification.

Biplots (I): Fig. [12] shows the biplots corresponding to the three spatial frequency
parameters of the flanking patterns. Although there are only three such parameters,
six biplots are shown: the data from trials with a flanking pattern and those without
a flanking pattern have been analysed separately. One may expect that the data from
trials without flanking patterns are very similar; on the other hand, the spatial frequency
for of the flanking pattern was kept constant within a session, and this may have an
effect also on the identification process when no flankers were actually presented. The
dominant feature of the biplots is that the patterns appear to be discriminated with
respect to a single dimension: the inertia component due to the first dimension is always
between =~ 86% and =~ 90%. The second dimension seems to reflect a horse-shoe effect
and represents most likely a numerical artifact and not a perceptually relevant feature
of the patterns. The stimuli S7, S5, S3 and S, are always well-ordered along the first
dimension, corresponding to the spatial frequency parameter f; of the second pattern
component. The responses Ry,..., R4 are also well-ordered along the first dimension;
however, with increasing value of f; the precision of the responses seems to deteriorate
when a flanking pattern was shown together with the stimulus pattern. In particular Rg
appears midway between Ss and Sy, indicating that Ss and Sy are more often confused
with each other than the remaining stimuli. It is of interest to have a look at the -
values for the individual confusion matrices, which are given in Figure[12. For all values
of for, the x2-value for the stimulus presentations with flanking patterns is higher than
for the stimulus presentations without flanking pattern; so the flanking patterns seem to
facilitate the identification of the stimulus patterns.

Biplots (II): To investigate further the influence of the flanking patterns, the results of
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Figure 12: Biplots, for the different spatial frequency parameters of flanking patterns
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Figure 13: Stimulus versus response scale values (biplots), depending upon spatial fre-
quency parameter of flanking pattern
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the Correspondence Analysis (CA) are presented in a different form in Fig. [13: the scale
values of the stimuli when presented without flanking patterns are plotted against the
scale values of the stimuli when presented with flanking patterns, and similarly the scale
values for the responses from trials without flanking pattern are plotted against the scale
values of the corresponding responses when the flanking patterns were shown. Only the
scale values on the first dimension are presented.

The main result to be taken from Figure[13lis that the relation between the scale values
for the stimuli and the responses is linear when no flanking pattern was presented with
the stimuli, whereas this relation appears to nonlinear when the stimuli were presented
with flanking patterns; again, from a statistical point of view the null-hypothesis, that
the data are compatible with a linear relationship, may still be maintained. It is the
trend over the different spatial frequencies that suggests the existence of nonlinearities.
This trend would mean that in particular the difference between the responses Rz and
R, is reduced under the flanking condition. From the meaning of the scale values for the
responses this indicates that the flanking patterns induce an adjustment of the decision
boundaries.

Another aspect of the data is revealed when the scale values of the stimuli for the
no-flanker condition are plotted against the scale values for the stimuli for the flanker
condition, and similarly for the scale values of the responses, see Figure The plots of
the scale values for the stimuli are definitely linear for the flanking parameters fo; = 3.6
and fyo = 4.5, while the plots of the scale values of the responses may contain a nonlinear
component. From a purely statistical point of view, a linear function will also account
for the response data, but there is a definite improvement of the fit when a nonlinear
function is fitted (a polynomial of 2nd order). This finding contrasts with that for the
flanking parameter fys = 5.0: here the plot for the stimuli seems to reflect a positively
accelerated relation between the scale values of the stimuli, and while the fit of the 2nd
order polynomial to the response data does not imply any improvement of the fit. If
one inspects the parameters of the fitted curves, one finds that the slope parameter b
for the stimulus plots increases with increasing value of for, from b = 1.03 for fy; = 3.6
to b = 1.16 for fpo = 4.5, and for fy3 = 5.0 the positively accelerated relation fits even
better than the linear one. For the response plots the parameter by, representing the
linear component of the polynomial, also increases from b, = 1.23 for fp; to b = 1.31
for fp2, and at the same time the parameter by, reflecting the negative acceleration,
decreases from -.89 for fy; to -.98 for fyo; for fys the relation has turned linear. So there
are systematic changes in the parameters describing the relation between scale values,
depending on the value of fyx. The flanking patterns appear to pull the scale values for
stimuli and responses apart. With respect to Figs. 7?7 and 77 one may conclude that
the flanking patterns exert an influence either on the expected values of the underlying
random variables, or, more likely, on their variances. The neural representations appear
to be more separable with increasing frequency of the flanking patterns, meaning that
the variances become smaller with an increasing value of f,;. This corresponds to the
observed increase of y2-values when flanking patterns are presented.

Further aspects of the data are revealed when the scale values of stimuli and responses
are plotted against the spatial frequency parameter f; of the second stimulus component,
see Figure [15. The relations between the scale values and the f; appear to be rather
systematic. Except for the relation between the scale values of the responses and the f;
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Figure 14: Scale values of stimuli and responses, without versus with flankers
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under the flanker condition, the relation between the scale values and the f; appear to
be nonlinear; in particular, they are positively accelerated. Only for for = 5.0 a linear
relation fits equally well when no flanking patterns were presented. The nonlinearity
of the relations between scale values and f;-values is remarkable since the differences
fix1— fi, i < 3 are identical for all ¢ and the experiment reported in section[4.2.1 a linear
relation between the parameter f;, the spatial frequency defining a Gabor patch, and the
scale values was observed, see Figures[8 and[9l Moreover, the difference f; 1 — f; equalled
.25 in this experiment, while in the experiment reported in this section the difference
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Stimuli, no flanker

Figure 15: Scale values versus f;-values
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equalled only .1. Possibly, the fact that here superpositions of Gabor patches defined the
stimuli plays a role. Alternatively, a change of the variances of the underlying random
variables with the value of the spatial frequency-parameter of the flanking patterns may
cause the observed nonlinearities; further data are required to clarify these points. In any
case, the fact that linear relationships are observed for the responses, provided a flanking
pattern was shown, is of interest. The flanking patterns appear to have a adjusting effect
on the sets A;, which determine the range of values of the random variable, representing
the sensory effects, implying the response R;. These adjustment effects may again be
due to corresponding changes of the variances of the decision variable.
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Figure 16: Scale values for fy; = 3.6 versus fy2 = 5.0
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Finally, one may consider the plots of the scale values for stimuli for a certain value
for versus the scale values of the stimuli for another value of fyx; similarly for the
responses. Figure[14/shows these plots. We consider in particular the data for for = 3.6
and for = 5.0. Note first that the plots are definitely linear, and note further that for
the stimuli the slope parameters assume the values b = 1.32 (no flanking patterns) and
b = 1.30 (with flanking patterns). The difference between these two b-values is certainly
negligible, and an equivalent statement holds for the additive constants a (a = .05 and
a = .07), i.e. the difference has only a negligible effect on the prediction of the scale
values for the stimuli under the fy; = 5.0-condition on the basis of the scale values from
the for = 3.6-condition, whether the flanking patterns were actually presented or not.
This is remarkable since the finding means that the flanking patterns employed in a
particular session appear to determine the perception of the stimuli independent of their
actual presentation. The fact that the values of b are larger than 1 imply that the scale
values for the fyr = 5.0-condition are more spread out than for the fyr = 3.6-condition,
corresponding to the larger y2-values for data from trials with flanking patterns. For the
responses, an analogous statement holds, (b = 1.28 and b = 1.20). If only the scale values
for the responses were affected by the flanking parameter one could easily argue that this
parameter affects the definition of the sets A;, but the fact that also the scale values of the
stimuli are affected would mean that also the sensory representations change, provided
the model considered in this paper is correct: an increase of the spatial frequency of the
flanking patterns seems to reduce the variance of the underlying random variables.
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5 The 2-dimensional case

The stimuli may vary with respect to more than a single aspect. Suppose the stimuli
vary with respect to the aspects A and B. The subject may combine information on the
aspects into a single percept that can be represented by a single random variable; this
may be the case if, for instance, the stimuli are represented by templates in the subject’s
memory and the subject chooses the response according to the maximally activated
template. If Y;, j = 1,...,I, represents the the acitivity of the j-th template, then
the decision variable would be Y = max(Y7,...,Y7). Alternatively, the subject may try
to evaluate the aspects A and B individually in order to arrive at a decision about the
presented stimulus. A sufficient, but not necessecary condition for this is that the subject
is able to perceive the different levels A; of A and B; of B independenty. If the A; and
Bj are not perceived independently, in the sense that the neural activities corresponding
toA; and B; are independent of each other, the subject may still be able to evaluate
these activities independently. Ashby and Townsend (1986) and Karlec and Townsend
(1977) have carefully disentangled these possibilities. In the following, the definitions
and theorems presented by A & T will be briefly presented. It will then be shown that
employing Correspondence Analysis to the confusion matrix allows, together with some
tests proposed by A & T, some quick decisions about the type of process underlying the
subject’s performance.

5.1 Ashby and Townsend (1986)

x, y random variables representing perceptual effects of the two components defining the
stimulus, defined as A;Bj, i.e. i-th level of feature A and j-th level of feature B.

Definition 5.1 Let fa,p,(w,y) the common distribution of x and y when the stimulus
is defined by A;Bj, and let ga, B, denote marginal distributions. The components A; and
Bj are perceptually independent, if

fAiBj (xay) = 9A;B; (x)gAiBj (y) (61)
holds.

Remark: If f is Gaussian, independence holds if and only if the effects of A; and B;
are uncorrelated over trials.

Definition 5.2 Let (a,b) denote the event that a stimulus (A, B) is reported. Sampling
independence holds if
p(asba|A2By) = p(A sampled |A2B2)p(B sampled |A2Bo) (62)

holds. For the complete identification experiment:

p(agba|A2B2) = [p(agbi|A2B2) + p(azbz| A2 Ba)][p(aiba| A2 B2) + p(azbz| A2 Bs)].  (63)

Remark:
p(a2b2 M A2B2) ge?iral Nij

p(A2Bs) Nit

p(ang‘Ang) = (64)
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Figure 17: Configurations of stimuli; (a) the separable case, (b) optimal boundaries for
the perceptually dependent case
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Theorem 5.1 Consider the complete identification experiment. Then

1. Sampling independence holds for the stimulus A;B;, if perceptual independence
holds and the decision bounds are parallel to the coordinate azes.

2. Perceptual independence holds for A;B;, if sampling independence holds for A, B
for different decision criteria and if decision bounds are parallel to the coordinate
azes.

3. If the decision bounds are not parallel to the axes then sampling independence and
perceptual independence are logically unrelated, i.e. .

Separability versus Integrality: According to Garner & Morton (1969), stimulus
components are separable if they ”act separately in the organism and thus can go in-
dependently of each other”. Integrality if components ”join one another such that it is
extremely difficult for the subject to take note of one without at the same time taking
note of the other”. Separable stimuli can be separately attended to whereas components
of integral stimuli cannot (this may happen to various degrees).

Definition 5.3 Operational definition A: If components are separable, performance on
a task demands a response based on a single component is unaffected by the level of
other irrelevant components. With integral components, varying the level of irrelevant
components degrades performance ("filtering task”).

Separability can be defined either at the perceptual or the decisional level (p. 164).
Let

o) = [ )y, (65)

Components A and B are perceptually separable if the marginal distribution of A does
not depend on the level of B, so that

9A; B, (Z‘) = JA;B, (.13), i1=1,2 (66)
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Definition 5.4 Consider a complete identification experiment, ie one in which all com-
binations A;B; occur. A and B are perceptually separable if the perceptual effect of one
component does not depend on the level of the other, that is if

gAiBl(x) = gAiB2(x)’ 1=1,2 (67)
gAlBj(y) = gA2Bj(y)7 Jj=12 (68)

Definition 5.5 Consider a complete identification experiment with stimuli A1 By, A1Ba,
As By and Ay By. The components A and B are decisionally separable if the decision about
one component does not depend upon the level of the other, that is, if the decision bounds
in the general recognition theory are parallel to the coordinate axes.

This relates to Theorem [5.1: one may now say that if decisional separability holds,
then perceptual independence is equivalent to sampling independence (when the latter
holds for different decision criteria). If decisional separability is not found, then Theorem
[5.1 indicates that sampling independence is logically unrelated to perceptual indepen-
dence.

Theorem 5.2 Complete identification experiment; Suppose the following three condi-
tions hold:

1. All perceptual presentations are normally distributed (the general Gaussian recog-
nition model holds),

2. No two [i;; are equal, where [i;; is the mean vector for stimulus A;Bj,

3. the subjects responds optimally, mazimising probability correct.

Then perceptual separability and decisional separability together imply the perceptual in-
dependence of components A and B within each stimulus configuration.

Theorem 5.3 Complete identification experiment: If perceptual and decisional separa-
bility hold for components A and B, then marginal response invariance holds, ie the
probability of correctly recognising one component does not depend upon the level of the
other:

plaibi|A;By) + plaba|A;B1) = p(aibi|AiBz) + p(aibz|A;iBz) (69)
p(a1bj|A1Bj) + p(azbj| A1 B;) p(a1b;j|A2Bj) + plazb;|A2B;) (70)
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Relevant conclusions: Key question is: does perceptual independence hold?

1. Suppose response invariance does not hold, ie equations (69), (70) do not hold.
Then the decision boundaries are not parallel to the coordinate axes, meaning that
decisional and perceptual separability do not hold, (see Theor. [5.2)), i.e. either
perceptual or decisional separability fail. According to Definition [5.5] if decision
bounds are parallel to coordinate axes, then the features are perceptually separable.
So if perceptual separability does not hold, then the axes are not parallel to the
axes.

2. According to Theor. [5.1, if perceptual independence and decision bounds parallel
to the axes, then sampling independence, and sampling independence and decision
bounds parallel to the axes, then perceptual independence.

Sampling independence holds, if the conditions of eq. (63) are met. If the equations
are not satisfied, sampling independence can be refuted. Then, according to Theor.
[5.1, the conjunction sampling independence and parallel decision bounds does not
hold. So, if sampling independence and, from ??, parallelism of decision bounds
do not hold, we cannot conclude that perceptual independence holds; the findings
support the hypothesis that perceptual independence does not hold.

Relation to Correspondence Analysis

CA provides an orthogonal system of coordinates, with each axis representing a certain
proportion of the total inertia x?/N, and therefore of the total x2. Suppose (x,%) rep-
resents the perceptual effect of a stimulus, and suppose further that f is 2-dimensional
Gaussian with zero covariance and equal variances. Then perceptual independence holds.
Suppose further that decisional and sampling independence holds and the subject decides
optimally. The stimulus configuration (in the biplot) is then rectangular, where the scale
differences of the first axis represent the differences between the two means of the feature
with the larger parameter difference, and the difference of the scale values of the second
dimension represent the feature with the smaller parameter difference. If the decision
bounds are optimal, i.e. are defined by the corresponding mean of the scale values, the
points for the responses will be identical to the stimulus point (error free case).

The scale differences will be proportional to the corresponding d’-values. This is
intuitively clear: the scale values will be proportional to the corresponding mean values,
and since the variances are supposed to be identical, the weighting will be identical as
well. This will be illustrated numerically. The effect of the following distortions has to
be illustrated numerically:

1. Different variances, optimal decision bounds, zero covariances,

2. Equal variances, equal correlation (positive and negative) for all stimuli,
3. The combination of unequal variances and equal correlation,
4

. Shifts of the decision bounds; still parallel to the axes, but deviating from the
optimal values (defined by the equal a priori probabilities and equal costs of wrong
decisions).
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5. Decision bounds that are not parallel to the axes, but linear.

The effects should be discussed with respect to the Ashby & Townsend and Karlec &
Townsend papers: The discussion should aim at an identification of the perceptual inde-
pendence case, because that’s what is most interesting. In particular:

1. Definition of Sampling independence, see Def.
2. Relation to Theorem [5.1]

3. and the other notions and corresponding Theorems.

The stimulus configuration in the disc-hat-experiment: So the labelling is counter-clockwise.

Table 6: Stimulus configuration in the disc-hat-experiment

Stim. 1 A1B1
Stim. 2 A2B1
Stim. 3 A2B2
Stim. 4 | A1 B>
. y ;o
The equivalent to the dyp and d p is then
B, = Aup, = fa1 — for, B, = Aup, = fa1— f1n (71)
B = A g = fiz = fo, o = Al,p = faz — fr (72)

The theorems relating separability and independence on the one hand and d/yp, and
d’y, g on the other should carry over to the equivalent statements relating independence
and separability and A’, B, and Al 5.

Alternative approach: suppose the stimulus is represented by some variable y =
Yok kdr + &, ¢ a representation of a feature, oy a weight, £ some error. y is evaluated
as in Thurstone’s model, or Fisher’s discriminant analysis.

5.2 Numerical evaluations
5.2.1 The separable case; r =0 versus r # 0

The case r = 0: Consider the case that A; and A differ more than By and By (radii
of superimposed circular discs).

1. The case 01 = 02: The mean values determine the configuration. The first axis
separates the stimuli with respect to the greater feature difference.

Special case: all features have the same value. Then the two dimensions represent
the same proportion of inertia. The stimuli form a square, they are positioned on
the axes.

If the features have different values, the configuration will also be rectangular, but
the sides of the rectangular are parallel to the axes.
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2. The case o1 # o09: If all features have the same value, the case 01 < oo will
separate the stimuli S7, S5 on the one hand versus S3 and S; on the other. If
o1 > 09, the stimuli S7, S4 on the one hand and S; and S3 on the other.

The case r # 0: For equal variances:

1. The case r > 0: The configuration is turned clockwise.

2. The case r < 0: The configuration is turned counterclockwise.

For unequal variances, the reverse may hold (examples). In any case: the separability
test always complies with the data, while for r # 0 the independence test does not.

5.2.2 The case r # 0, Gaussian classification

Let us assume that the subject is able to somehow construct the optimal decision bounds.
For positive and negative correlations: the configurations are turned clock- or anticlock-
wise. In any case, neither the independence test nor the separability test hold. This is
of importance since some configurations look like the separable case with r # 0: slightly
turned configuration.

5.2.3 Conclusions

If the stimuli are identified with respect to the components, the stimulus configuration as
well as the response configuration will be rectangular, regardless of the way the decision
boundaries are defined. The Ashby-Townsend tests will reveal whether the boundaries are
parallel to the axes defined by the components or not, i.e. whether separability holds or
not. If the correlation between the feature representations are zero, the configuration will
be parallel to the axes, otherwise the configuration appears rotated. It is the rectangular
form of the configuration that indicates that decisions are made with respect to the
individual components.

One may therefore say that if rectangularity is not observed, then the subject iden-
tifies the patterns not according to an evaluation of the component representation, but
according to some function ¢(A4, B). ¢ may reflect template matching, or that indeed
some function of the components is taken as a basis for the decisions, - or the variance-
covariance matrices are different. A look at the inertias may reveal that indeed the
decisions are based on some function ¢; this will be discussed with respect to some data
(the disc-hat-data). Indeed, if the var-covar-matrices are unequal, this would mean that
the particular values of the features determine the interaction between the representation
of the components is configuration specific, pointing to a holistic representation of the
stimuli, which is a special case of a representation by some function ¢.

5.3 Empirical data: stimuli composed of circular ’discs”

Stimulus patterns were defined according to

I(r)=Lo(l4+ms(r), r=+va2+y? (73)
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Lg defines the space average luminance of the screen, and m = (Ljaz — Limin)/2Lo is
the (maxwell contrast). s(r) is defined as the sum of two concentrically superimposed

Figure 18: Example of stimulus: luminance profile
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circular ”discs” dy and dy of different radius and luminance, specified by

_J L rsa _
dk(r)—{ 0 rae . k=12 (74)
i.e. s(r) is defined as
s(r) =14+ a)di(r) — ads(r), a=1/2. (75)

Four patterns s(r) were defined: 71 could assume either the value 171 or 712, and 2 could
assume the values ro1 or roo. The total width (diameter) of the stimulus pattern is defined
by the "outer” disc and was either 2¢; = .5% or 2¢; = .46°. The "inner” disc had either
the diameter 2¢c; = .15% or 2¢; = .14°. Stimuli are characterised by a combination of two
letters, b for "big”, s for "small”. Responses are characterised the same way, only with
capital letters, a particular pattern s; is defined by a combination (r1;,792;), so there are
four possible patterns. The actual values of the r;; are summarized in Table[7l A more

Table 7: Characterisation of stimuli and resonses; The first specifies the “outer”, the
second the "inner” disc”, s and S for ”"small”, b and B for "big”. ¢; radius for inner, co
for outer disc.

’ Stimulus Response \ c1 Cy \ cfea c2fcq ‘
bb BB .25 .075 | 3.333  .300
bs BS 25 .07 | .3571 .28
sb SB .23 .075 | 3.067  .320
bb BB 23 .07 | 3.285 .304

complete description of the experiment is given in Mortensen and Meinhardt (1999).

The conditions of stimulus presentation were such that it was difficult for a subject
to arrive at a correct response, so there is some learning involved. One may expect that
the subject will try different strategies. To minimise the effect of averaging over different
strategies during a session, the number of stimulus presentations per session was kept
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relatively small: stimuli were each presented 25 times per session. The first question one
may ask is whether the effect of learning may be seen from a plot of correct responses
for the four stimulus patterns, seed Fig. [19] (a) for subject GM and (b) for subject KF.
Obviously, the course of the proportions of correct responses does not follow classical

Figure 19: Proportion of correct responses over sessions.
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learning curves, i.e. here is no more or less monotonic increase of the proportions of
correct responses. All one can say is that the proportions for the patterns sb and bs are
above those for the patterns bb and ssfor both subjects; it seems that the patterns sb and
bs can be discriminated more easily than the patterns ss and bb. To find out more about
any learning effects one may thus investigate the biplots for each session. Figure[20/shows
the biplots for subject GM, who participated in only 5 sessions. In the first session (a),
the responses show a strong random component; the x? for the data from this session
is not significant; a similar result holds for the second session, which is not presented
here for lack of space. Still, a first systematic element shows already up in this plot,
which remains invariant in the plots for all the following session: the patterns bb and bs
show up in the left quadrants of the plot, and the patterns ss and sb appear in the right
quadrants. So the patterns with a "big” outer disc seem to form a class, and those with a
small outer disc another. This means that the outer disc defines the meaning of the first
dimension. Further, the patterns with a “small” inner disc appear either in the upper two
quadrants ((a) and (b)) or in the lower two quadrants ((c¢) and (d)), so the sizes of the
discs for a basis for the decisions from the first session on. The responses do not show
a clear pattern, though. The points for the responses SB and BB are almost identical
in the first session, and their position deviates considerably from the positions of the
respective stimulus patterns. For the third session - (c¢) - , the positions of the responses
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Figure 20: Biplots, Subject GM. (a): session 1, x? = 5.83, p = .80; (b): session 3,
x? = 15.52, p = .19; (c): session 4, x? = 17.27, p = .044; (d): session 5, x? = 28.93,

p =.001. See text for further explanation.
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correspond to those of the stimulus patterns at least with respect to the size of the outer
disc. The fourth session provides an improved picture, and in the final, fifth session - (d) -
the subject’s decisions have improved such that each stimulus pattern corresponds to one
quadrant, and the corresponding response point is situated in the same quadrant. The
subject knows that the stimulus patterns are defined by an orthogonal variation of the
sizes of the inner and the outer disc and tries to evaluate the stimulus components, i.e.
the discs, independent of each other. In other words, the subject evaluates the patterns
with respect to two, not with respect to a single decision variables. Now the scale values
are meant to reflect conditional means; each stimulus pattern is thus represented by two
such means, one for the distribution of the representation of the inner, the other for that
of the outer disc. While the representation of the stimuli is relatively stable over the
sessions, that of the responses is not, it stabilises over the sessions, though. This may
mean that the bounds of the areas for each stimulus have to be learned. In this sense,
learning amounts to a reduction of response bias.

A second subject (KF) provided data from altogether 15 sessions; the number of
stimulus presentations was again 25 in each session. Fig. [21/the biplots for a selection of
the sessions. The subject KF agrees with the subject GM insofar as he eventually arrived
at a classification scheme that is practically identical with that of GM: the two features,
inner and outer disc, are evaluated independent of each other, with the outer disc being
the feature that is easier to discriminate. However, in all sessions preceding the fifteenth
KF’s decisions appear to be guided by the relation among the disc sizes, and less so by
an independent evaluation of their sizes. In the first session - (a) - the patterns that seem
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Figure 21: Biplots, Subject KF. (a): session 1, x? = 18.17, p = .029; (b): session 6,
x2 =19.17, p = .021; (c): session 14, x? = 37.71, p = .000; (d): session 15, x? = 24.52,
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to define the first dimension are sb and bs, explaining about 89 % of the total inertia, i.e.
of the total x?; the patterns ss and bb appear to cluster near sb and generate a second
dimension accounting, however, for only 8.65 % of the inertia. Note that the responses
BB and SB are close to the points representing the corresponding stimuli, while the
responses BS and in particular S.S are not so, indicating that the decision bounds for
the inner disc are inappropriately chosen. This may result from the fact that the feature
are not evaluated independent of each other.

In the sixth session - (b) - the position of the points representing the stimuli has
changed, the first dimension seems to be defined to some extent by the inner disc. The
response points are not too far from the stimulus points, i.e. the subject begins to succeed
in finding decision bounds relative to the dimensions that serve to distinguish among the
patterns. In the 14th session the subject’s decisions appear again strongly determined
by the relation among the features, the pattern bs versus the remaining patterns seems
to define the 1st dimension, accounting for about 83 % of the inertia. The outer disc
appears to define the second dimension, accounting, however, only for maximally 15 % of
the inertia (a part of the proportions reflects just noise!). Only in the last, 15th session
the subject appears to abandon the strategy to evaluate the pattern in a Gestalt-like
manner and concentrate on the features independent of each other.

That the subject KF judged the stimuli according to the relation among the features
may be further corroborated by looking at the data from another view point. For instance,
Fig. shows the biplots for the sessions 9 - (a) - and 10, (b). In session 9, the first
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Figure 22: Biplots for the sessions 9 - (a) - and 10 - (b), and ratio of disc diameters as
criterion variable, (c) session 9, (d) session 10
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dimension, accounting for the larger part of the inertia (85.5 %), is defined by the patterns
bs and sb; only the points for bb contributes a little to the second dimension. This holds
to an even larger extent for the 10th session. Figure[22](c) and (d) shows plots of the scale
values of the stimuli versus the quotient of the radii outer to inner disc, corresponding to
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the biplots (a) and (b), respectively. For session 10 the fit is practically perfect. So one
may argue that subject KF tries to base his decisions on the value of a single variable,
amounting to a gestalt-like evaluation of the patterns. Only in session 15 the decisions
appear to be based on an independent evaluation of the features; Fig. shows the plot
of the scale values for the first dimension versus the ratios of the radii, corresponding to
the biplot (d) in Fig. 20, and now the value of r? has decreased to .66.

6 Summary and discussion

It was argued that the scale values for the stimuli (row categories) and responses (column
categories) provided by a Correspondence Analysis are linear functions of conditional ex-
pectations of random variables representing the sensory activity generated by the stimuli.
These random variables may actually be random vectors, the components of which rep-
resent different aspects or features of the stimuli with respect to which they may be
distinguished. It is assumed that the subject selects the stimulus features such that the
number of errors is minimised, relative to the experimental conditions. Stimuli and re-
sponses can simultaneously be represented by points in a coordinate system whose axes
represent, analogous to the axes in principal component analysis, independent stimulus
dimensions; these latent axes correspond to those found in a discriminant analysis of the
data. However, care has to be taken with respect to numerical artifacts; for instance, a
second dimension may result from the fact that correct responses outnumber the number
of confusions, in which case the horseshoe effect will appear, as in Fig. [7, where it is clear
from the start that the data, i.e. the confusion matrix, is generated by a single "latent”
dimension. If one has reason to assume that the second dimension does not just reflect
numerical artifacts, the Eucledian distance d;;; between point representing stimuli may
be taken as a parameter free sensitivity measure equivalent to the d’ in SDT; if the data
suggest that only a single dimension represents a perceptually relevant stimulus dimen-
sion, the differences of the scale values on this dimension may be interpreted as indices
of discriminability or sensitivity, analogous to the d’-measure. d;;; has the advantage of
not requiring the assumption that the underlying random variables are Gaussians with
equal variance; the nonlinear relations between stimulus parameters and scale values may
actually indicate deviations from the equal-variance case.

The position of points representing the responses provides information concerning
possibly biased confusions of the correct stimulus with other stimuli. The Eucledian
distance between stimulus and response points is not explained though; the relation
between stimulus and response points is given by the systems of equations (53) and (53),
or, in explicit form, by (55). For instance, for a certain response, say R;, one has

P11 fu P21 far pnn fnn
911 = _ 774_4_77
1 VA1 1 VA c1 VA1
P11 f12 _|_p21 f22 P f12

g2 c1 VA 01\/>T2+ JrCl\//\;z
The points for S; and Ry will be close to each other when ¢g11 =~ f11 and ¢g12 &~ fi2, and
a sufficient condition for this is p;; &~ 0 for all 4 # 1, and A\; ~ \y. However, as the
inspection e.g. of Table[3 and the corresponding Figure 7 (a) shows, this condition is by
Nno means necessary.
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The Correspondence Analysis of some experimental data yields results that corre-
spond to the above interpretation of the scale values for stimuli and responses. When
the stimuli are "simple” Gabor -patches, as described in section[4.2.1] the scale values for
the stimuli are practically perfect linear functions of the spatial frequency parameter f;
defining the Gabor patch. This suggests that the expected values of the random variables
representing the sensory activity are again linear functions of the f;.

The situation may become more complicated when the stimuli are two-dimensional,
as in section The stimuli were constructed by an orthogonal variation of two compo-
nents, an "inner” and an ”outer” disc. During the first sessions, the subjects seem to try
to evaluate the patterns with respect to a single dimension, representing the combination
of the two components; in this case, most likely the ratio between the radii of inner and
outer disc. After some sessions, the subjects seem to restructure their decisions, trying to
evaluate each dimension separately. The usual learning curves - percent correct responses
versus number of trial or session - do not reveal such restructuring processes; the biplots
may, however, provide some insight into these processes.

The effects of additional, i.e. flanking patterns on the identification of stimuli may
also be explored investigating the relations between the scale values and the parameters
of the stimulus pattern, as in section[4.2.2. Flanking patterns seem to pull apart the scale
values of stimuli; since the scale values are related to the y2-values of a confusion matrix
this means that patterns are better discriminated when they are presented together
with flanking patterns; for the patterns considered here, discrimination is improved the
higher the value of the spatial frequency parameter of the flanking Gabor patches, see in
particular Figure[14. Most likely the variances of the random variables representing the
neural responses are reduced with increasing flanker parameter; more data are required
before further interpretations concerning the underlying neuronal processes are suggested.

So far, only data from identification experiments have been considered; the collection
of data from discrimination experiments is under way.

7 Appendix

7.1 Decomposition of variance

I ni+ I mit
SStot = ZZ(Sik—S ZZ lk_§i+§i—§)2

i=1 k=1 i=1 k=1
I nit I niy

= Z Z(Szk - gi)Q + ZTLZ+(§Z Z Z Sik — S’L 72 _ E)
Zjl ]:LL:Jrl Zjl i=1 k=1

= > D s —F)+ Y nin (5 —
i=1 k=1 im1

= SSuwt + SSht,

and Zz’ Zk('gik — gi)(gi 75) = Zz(gl 75) Zk(glk 731') = O since Zk(flk 751') = 0 D
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7.2 Proof of Theorem 3.1
Let p be a Lagrange-multiplicator, and
Q(a)=a'K'D,}Ka — p(a’D..a— S). (76)

Let ¢; = (0,---,0,1,0,---,0)" be a vector whose components equal zero except for the
j-th component, which is equal to 1. Then the vector a yielding a maximum value of p?
relative to the value of SS;,; is the solution of

Q
Bai

= K'D;)Ka+ak'D;Ke; — ju(€;Desa + aDege;)
= 2K'D;}'Ka—2uD.a=K'D;!Ka—uD.a=0
i.e.
K'D;}Ka = puD,.a (77)
If this equation is multiplied from the left by D, one gets (25).

7.3 Proof of Theorem 3.2

Let X = (x;;) an arbitrary mxn-matrix, i.e. 1 =1,2,...,m, j = 1,2,...,n, z;; € R, with
rank 7 < min(m,n). Let X7, X»,..., X, denote the column vectors of X. The X; can
be represented as linear combinations of r linear independent, in particular orthogonal,
n-dimensional basis vectors. Equivalently, the row vectors can be represented as lineqar
combinations of r lineqar independent, in particular orthogonal, m-dimensional basis
vectors. Let Lq,..., L, be r orthogonal, n-dimensional vectors. There exist r coeflicients
Vj1, ..., V5 such that

Xj=vplo+ - +vjele, j=12,...,n. (78)

This is equivalent to writing
X =0V, (79)

where U = [Uy,...,U,|, V = (vi;), with & = 1,2,...,r and of course j = 1,2,...,n.
From the postulated orthogonality of L one finds immediately

M, 0 -+ 0
0 X - 0
X'X=VU'UV' =VAV, UU=A= . ; (80)
0 0 * 0
0 0 . /\r

and Ay is the square of the length of the basis vector Lg. the equation X'X = VAV’
suggests that the column vectors of A are the eigenvectors of X’X, and the )\, are the
corresponding eigenvalues. The roots v/, i.e. the lengths of the Ly, are also known as
singular values of X’X.

Multiplying the Uy with 1/y/X; means to norm the Ly, i.e. Q@ = UA~Y/? contains
the orthonormal basis vectors, and certainly U = QA~/2. The eigenvectors of X'X
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are also known to be orthogonal, and without loss of generality can be postulated to be
normalised. Consequently one may re-write (79) as

X =UAYV2V. (81)
Further, since UU’ = VAY2AY/2V' = UAU’, U must contain the orthogoonal eigen-
vectors of X X', corresponding to the nonzero eigenvalues of XX’ (equal to those of
X'X).
7.4 Proof of Theorem 3.3
According to (102), (D;'P")F = GA'/2. Multiplication from the left with D7 P yields
D 'P(D;'P)F = D' PGAY?2.
But according to (101)) one has Dr_l/zPG = FA1/2, so that
(D*PD;'P)F = FA (82)

follows. Therefore the coordinates F are given as the eigenvectors of the matrix D, ' P(D_ ' P’.

The validity of
(D;'P'D;'P)G = GA (83)

is shown analogously. O

7.5 Proof of Theorem 3.4
Proof: F = D;Y2UAY? implies
fis = UisV )\S/\/Fia
where u;, is the element in the i-th row and the s-th column of U. It follows that

FV' = D;Y2UAN/2V = DYV X,

Then .

j% = SZ:; fisvjs
and .

% = ; JrsVjs
so that

-Tij

8
ol
<

§
e

= Z(fzs - fks)vjs~
s=1
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But

so that

and therefore

J r 2
o= > <Z(fis - fks)vjs>

j*l s=1

ZUJSZ fls - fk:s>2
s=1

+ 22 Z(fzs - fks)(fis/ - fks’)vjsvjs" (86)

j=1s<s’

But

J
22 Z fzs fks fls’ - fks )UJSUJS/
j=1s<s

Z fm fks fzs’_fks Z’qujs/ =
s<s

j=1

<

and > j VisVjsr = 0 because of the orthogonality of the eigenvectors By and B, . Further

one has j v2 = 1, because the eigenvectors are normalised, i.e. have the lengths 1.

Therefore one has on the left of the x2-distance between the i-th and the k-th row,
and on the right one has the corresponding Eucledian distance defined by the coordinates
in F. (|

7.6 Proof of Theorem [3.5

We need the following relations:

’F o= 0 (87)
JG = 0. (88)

Proof: Let 1 = (1,1,...,1)’. the number of components of 1 will depend upon the
equation with respect to which 1 is used.

49



Certainly, one has
D;'r=1, D 'c=1, (89)

which is easily illustrated for the example J = 2:
1/7‘17 0 71 o 1
0, 1/7"2 T2 o 1 ’

1= "r=1, d1=Y ¢ =1 (90)

J

Further,

These equations follow immediately from the definition of the r; and the c;.
The SVD of T is given by T = DT_I/Z(P - rc’)Dc_l/2 = UA'/2V’. Therefore
P —rd = DY2UAY2V'DY/2, (91)

Let
A=DY?U, B=DY?, (92)

so that (91) can be written in the form
P —rd = ANY?B', (93)

this expression is also known as the generalised SVD of the matrix P — rc’.

Since U and V are orthonormal it follows that U'U = I, V'V = I, I the unity matrix.
But U = D; %A, V = D-Y2B. Then

UU=AD'A=1, V'V=BD'B=1, (94)

To prove (87) und (88) it should be noted that F' may be written in the form F =
DY (P —rc)D;'B: if AN/?B’ substituted for P — r¢’ one gets
F =D 'AAY2B'D;'B = D7YANY2.
On the other hand one has

DY (P—vrd)D;'B=(D;'P—-D;'v¢)D;'B= (D, *P—-1c)D.'B.
this yields
F = (D;'P-1d)D.'B (95)
G = (D;'P'—1/)D; A, (96)
where the expression for G was derived in an analogous way. Then it follows that

r'F =7 (D 'P—-1)D.'B.

But it is (D, 'P — 1¢') = 1P — 7’1/, and further one has 1'P = ¢/, 7’1 = 1, so that
1'P —1'1¢ = 0, according to (90). Therefore it follows that ' F = 0. ¢/G = 0 is shown
in an analogous way.
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The relation between coordinates

Proof: P —rd = AAY/2B’ implies
DY (P —rd)D;Y = DYAAY2B' DY, (97)

T

or, in transposed form,
DY*(P' — ¢r')DY? = D7'BAY?A' DL (98)
Because of F = D-'AAY? G = D7 BAY/? this yields
D'PD;' - D 'rdD;' = FB'D;?, (99)
and on the other hand
D'P'D' — D 'er'D; ' = GA'D; . (100)

If (99) is multiplied from the right with BA'/? and with AA'/2, one gets because
of (94)

D7'PD7'BAY? — DY/ DIYBAY? = FAY?
DI'P'D;YANY? — DIler' DITANY? = GAYR
But D;'BAY? = G, and D;'AAY? = F, and ¢G =0, 'F = 0, so that
D7'PG = FA'Y/? (101)
DI'P'F = GAY? (102)

follows. Multiplication from the right with A=/2 yields the equations (54) and (53). O
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